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Abstract 
In this talk we discuss the educational principles that have formed the 
basis of the mathematics lessons we have made for television over the 
last fifteen years. Film clips of selected lessons are shown. Manipulative 
models that have been created to enhance the lessons are demonstrated. 

 
 
Introduction 
For fifteen years now, we have conducted mathematics lessons on NHK, the Japanese 
television and radio network. The lessons are in a series, usually aired during summer. 
Each series is targeted at a specific audience – grade school students, high school 
students, tertiary level students or the general public. 
 
Television offers unique opportunities not available to the classroom teacher. At the 
same time, television demands more of the teacher because a bored audience always 
has the option of turning off the set. The lessons are designed with very much thought 
given to the appropriateness of the topic for the medium, visual content and pacing. 
Many manipulative mathematical models have been created by a team of architects, 
industrial designers and technicians from my university to enhance the lessons. 
 
As a rule, we try to veer away from traditional book knowledge to create wonder, en-
courage discovery and promote experiential learning in keeping with the educational 
philosophy of N.F.S. Grundtvig, the Danish educator, who has had a profound 
influence on the founder of my university, Shigeyoshi Matsumae.  
 

“The School of Death we know only too well, the school that takes a 
pride in resting on the “dead languages” and confesses that grammatical 
infallibility and lexical perfection are the ideal that the school, at the 
expense and sacrifice of life, endeavors to reach. No, with us the whole 
nation knows the School for Death; for that, without exception, is what 
every school is that begins with letters and ends with book knowledge, 
great or small, and that means everything that has been called `school’ 
over the centuries and everything that is still so named. For all letters are 
dead even if written by fingers of angels and nibs of stars, and all book 
knowledge is dead that is not unified with a corresponding life in the 
reader…” 

N.F.S. Grundtvig 
 
In this talk, we will show film clips from various TV lessons, while we identify the 
educational principle that each exemplifies. We will also demonstrate the use of some 
of the manipulative mathematical models that have been featured in various lessons. 
More than 400 different models have been created in all. These models are now on 
permanent display in Okhotsk Mathematical Wonderland, a museum created for this 
specific purpose, with the cooperation of the community of Abashiri, Hokkaido, 
Japan, a town facing the Okhotsk Sea. The last film clip shows the inauguration of 
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Mathematical Wonderland which was held last June. It is exhilarating to hear the 
excitement in the children’s voices and to see the delight in their faces as they play 
with the models in Wonderland. To make children good in mathematics is to let them 
enjoy mathematics. 
 
 
Light the lamp of curiosity in children’s minds 
Film clip 1: 
The first film clip is from a series for grade school students. It is part of a lesson in 
which we try to make children look at the shapes of everyday objects and to discover 
the mathematics behind them. Their curiosity is awakened by a question such as “Why 
is an egg shaped the way that it is?” The film shows that the shape of an egg has to do 
with natural protection. An egg, when left on an incline, will not roll down and break, 
specifically because of its shape. 
 
This leads to a discussion of various shapes and the most efficient shapes for certain 
purposes. 
 

 
 
Demonstration 1: 
(a) While on the topic of shapes, another intriguing question is “Why are manhole 

covers round?” Models of manhole covers of various shapes are shown (Figure 
2.1(a)). A square cover can fall into a square manhole of the same size (Figure 
2.1(b)). This is because the diagonal of a square is longer than the length of its 
sides. On the other hand, a round cover cannot fall into a round manhole of the 
same size because a circle has constant width, i.e., the distance between any two 
parallel lines which are tangent to the circle is constant. 

 
Other figures of constant width can also be used successfully as manhole covers. One 
such figure is the reuleaux triangle (the lower right manhole cover in Figure 2.1(a) and 
(b)). To draw a reuleaux triangle, start with the vertices of an equilateral triangle. 
Then, using one vertex of the triangle as a center and an edge of the triangle as a 
radius, draw a circular arc of 60 degrees from the chosen edge over the edge opposite 
the chosen vertex. Do the same using each vertex in turn. 

 
There are infinitely many figures of constant width, reuleaux pentagons, reuleaux 
heptagons among them. 
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(a) (b) 

Figure 2.1. Manhole covers of various shapes 
 

 
(b) Other uses of shapes of constant width are demonstrated. A wagon with wheels of 

constant width is shown (Figure 2.2). Although its wheels are not round, it can 
move smoothly along a flat surface. 

 

 
 

Figure 2.2. Wagon with wheels of constant width 
 
 

(c) Blades whose shapes are adapted from a reuleaux triangle and a reuleaux 
pentagon are used in devices that drill square holes (Figure 2.3(a)) and hexagonal 
holes (Figure 2.4(a)), respectively. A flexible axis allows the blades to rotate 
within a space confined by the circumference of a square for a square hole (Figure 
2.3(b)) or by the circumference of a hexagon for a hexagonal hole (Figure 2.4(b)). 

 

   
(a)                          (b) 

Figure 2.3. Square Drill 
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(a)                   (b) 

Figure 2.4. Hexagonal Drill 
 

Finally, a model of a rotary engine is shown (Figure 2.5). The movement of a rotor of 
constant width initiates the process of compression and decompression which creates 
the power that causes the vehicle to move. 
 

 

Figure 2.5. Rotary engine 
 
Allow students to discover with all five senses 
Film clip 2: 

“The primary question is not what we know, but how we know it.” 
Aristotle 

 
We do not believe in mathematics lessons that rely on rote memorization of formulas. 
We forget what we memorize, but what we absorb with our mind changes to wisdom 
and never disappears. In this next film clip, we try to bring students to a point where 
they can discover for themselves the conditions under which a quadrilateral has an 
inscribed circle. 
 
A turntable and a few strips of colored tape are used. First a strip of tape is attached to 
the turntable, which is then rotated. A circle can be observed. The point on the strip 
nearest the center of rotation traces the circumference of the circle, as the point rotates. 
There is a simple explanation for this. This point is the colored point that moves 
slowest as the turntable rotates, so its movement is observable to the human eye. 
 
The same principle is applied to demonstrate that any triangle has an inscribed circle. 
This is done by creating triangles of different shapes from the colored strips and 
successively placing them on the turntable. As the turntable rotates, an inscribed circle 
is observed, whichever triangle is used. 
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Various quadrilaterals are placed on the turntable. Some have inscribed circles and 
some do not. Under what conditions will a quadrilateral have an inscribed circle? 
Another way of looking at the problem is introduced, following a practice in 
mathematics of viewing a problem from different perspectives. An adjustable measure 
with four sides is used to represent quadrilaterals and a circular cylinder is used to 
represent the inscribed circle. The four-sided measure is placed over the cylinder in 
various ways provided that each side is tangent to the cylinder, i.e. the quadrilateral 
has an inscribed circle. Each time this is done, the lengths of the sides of the 
quadrilateral are measured. What is observed is that the sums of opposite sides of such 
quadrilaterals are equal, which is the condition we wanted the students to discover. 
 
 

 
 
 
Demonstration 2: 
(a)  Formula for the area of a circle with radius r, A = p r2 

It is useful to think of the circle as a cross section of a piece of cake popularly 
called baumkuchen (Figure 3.1). Let O denote the center of the circle. As in the 
baumkuchen, the circle is partitioned into annular rings centered at O. Then the 
circle is cut along a radius OH and each annular ring extended along an 
appropriate line parallel to the tangent to the circle at H. The extended annular 
rings approximate a right triangle, of height r and base 2pr, whose area 2p r´  
r/2=p r 2 coincides with the area of the circle. 

O

H
rp2  

Figure 3.1. Area of a circle 
 
(b)  Surface Area of a Sphere with Radius r, S =4pr2   

The surface area of a sphere is approximated by the following device. A length of 
plastic tube is used to line the surface of a hemisphere. The tube extends to line the 
interior of two circles with radius equal to the radius of the hemisphere, say r 
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(Figure 3.2). Colored liquid is pumped into the tube until the length covering the 
entire surface of the hemisphere is filled (Figure 3.2(a)). The liquid is then made 
to descend to the two circles. It is at the point that the hemisphere empties 
completely when the two circles are completely filled (Figure 3.2(b)). This 
observation leads to the following conclusion: 

surface area of a hemisphere = 2 ´  (area of the circle) 
or 

surface area of a sphere = 4 ´  (area of the circle) = 4p r2. 
 

              
 (a)  (b)  

 Figure 3.2. Surface area of a sphere 
 

 

(b) Formula for the Volume of a Sphere with Radius r, V = 
3
4 p r3 

The volume of a sphere can be approximated by packing the sphere with cones 
whose heights are equal to the radius of the sphere, say r. A device based on this 
idea, and made to look like a watermelon, is shown in Figure 3.3. Thus 

 
volume of sphere = (the sum of volumes of all cones) 

= S
3
1 ´  (height of a cone) ´  (base area of a cone)  

=
3
1 ´  r ´  S (base area of a cone)  

=
3
1 ´  r ´  (surface area of a sphere)  

=
3
1 ´  r ´  4p r2 =

3
4 p r3 .         

   

         
(a)                        (b) 

Figure 3.3. Volume of a sphere 
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Test the limits of the student’s imagination   

“Imagination is more important than knowledge.” 
Albert Einstein 

 
“The moving power of mathematical invention is not reasoning but 
imagination.” 

Augustus de Morgan 
 
Demonstration 3: 
We begin with very simple questions about a very simple everyday object “Why is the 
furoshiki (traditional Japanese cloth wrapper) square?” “Would a triangular or a 
pentagonal furoshiki work as well?” 
 
This demonstration aims to show the superiority of a square over all other regular 
polygons for wrapping objects of different shapes, although the kind of wrapping we 
will demonstrate is a non-overlapping folding that covers the entire surface of the 
object being wrapped, not exactly the way a furoshiki works. In mathematics, it is 
important to ask the right questions, so we proceed by asking “What convex 
polyhedral shapes can an equilateral triangle wrap?”, “—A square?”, “—A regular 
pentagon?” 
 

“The art of asking the right questions in mathematics is more important 
than the art of solving them.”  

Georg Cantor 
 
(a) Determine all convex polyhedra foldable from regular n-gons, n £ 5. 

We show in [2] that an equilateral triangle can fold into six non-congruent convex 
polyhedra (Figure 4.1), in [1] a square into seven (Figure 4.2) and in [3] a 
pentagon into four (Figure 4.3). 

 

 
Figure 4.1. Convex polyhedra foldable from an equilateral triangle 

 
 

 
Figure 4.2. Convex polyhedra foldable from a square 
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Figure 4.3  Convex polyhedra foldable from a pentagon 

 
We encourage the reader to continue the process for all other regular n-gons, 

6³n  in [4] and mention that, in fact, the square is the regular polygon that folds 
into the largest number of convex polyhedra. 

 
(b) Find the maximum volume of a convex polyhedron foldable from a regular n-gon, 

n £ 5, with unit area. 
Cardboard models of polyhedra foldable from a unit triangle, square and pentagon 
are filled with sugar. The contents are then poured into uniform size plastic 
circular cylinders so that volumes can be compared (Figure 4.4). One of the 
convex polyhedra folded from the unit square gives maximum volume (Figure 
4.4(b)). The reader is again encouraged to verify that no regular n-gon, n ³  6, with 
unit area gives larger volume. 

 
 

 
 

The first demonstration shows the superiority of a square in terms of the number 
of convex polyhedra that it can “cover”, while the second demonstration shows 
the superiority of a square in terms of the volume of the convex polyhedra 
foldable from it, so there is some logic to having a square furoshiki. 

 
 
Mathematics, like the air, is invisible; we cannot live without it. 
The next film clip is part of a lesson meant for general audiences. It shows that 
mathematics affects our life, often without much awareness on our part. In particular, 
the many applications of conic sections that we come in contact with are high-lighted 
– parabolic antennae, car headlights, halogen heaters, the medical procedure 
extracorporeal shock wave lithotripsy (ESWL) for shattering kidney stones. 
 

 

(a) Volumes of convex 
polyhedra foldable 
from an equilateral 
triangle of unit  
area 

(b) Volumes of convex 
polyhedra foldable 
from a square of 
unit area 

 
 

Figure 4.4 

(c) Volumes of convex 
polyhedra foldable 
from a regular 
pentagon of unit 
area 
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Mathematics helps us to live a comfortable life. This message is reinforced by a 
sample of posters designed for the World Mathematical Year 2000 by a group of 
French mathematicians, and posters for the UNESCO traveling exhibit Experiencing 
Mathematics, which we have participated in creating. 
 
 
 
 

 

                Figure 5.1. Curves for smooth driving! 
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Figure 5.2. Know where you are! 
 
 
 

 

Figure 5.3. What is the use of a honeycomb structure? 
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Figure 5.4. Secret codes made public? 
 
 
 

 

Figure 5.5. Listening to a scratched CD!?! 
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 Figure 5.6.  Pourquoi l’imagerie médicale aux mathématiques? 
 
 

 

Figure 5.7.  DNA: beyond the sequence! 
 
 
Listen to the secrets of nature under the blue sky 
Mathematical theories have a universal beauty that does not waver according to 
differences in thought or culture. This beauty continues to shine over the ages. This 
beauty is given equally to all human beings; a billionaire cannot monopolize it, 
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everyone who wants to can experience it. However, it may not be easy to appreciate 
this beauty because it is highly abstract. Just as we cannot hear the music by reading 
the score or taste a feast by reading the recipes, we cannot appreciate mathematics by 
knowing the statements of theorems. 
 
Okhotsk Mathematical Wonderland was created to make the beauty of mathematics 
come alive through stunning concrete demonstrations and imaginative hands-on 
models. It seeks to inspire young people who are our future and our hope. We had the 
vision and the community of Abashiri had the generosity to make it a reality.  
 
The following video was taken at the inauguration of Okhotsk Mathematical 
Wonderland. 
 
 

 
 

“The good teacher explains, the superior teacher demonstrates, and the 
excellent teacher inspires.” 

W.W. Wards 
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