Concept maps and vee diagrams in undergraduate magimatics
problem solving

I C M E
10
Karoline Afamasaga-Fuata’i* 200
National University of Samoa, Samoa
Abstract
The regular lecture is on research conducted, cwesemester, with
mathematics students using an innovative approagh solving Regularlecture

mathematics problems by constructing concept mapsvae diagrams
(maps/diagrams) to analyse the mathematics in tioblem contexts,
relevant mathematics topics and common proceduresorder to

determine possible solutions. The major projectuneml students to
construct comprehensive topic maps/diagrams as ioggexercises
throughout the semester. Draft maps/diagrams weesgnted at least
twice to the rest of the group and one-on-one ® rbsearcher for
critiquing before individuals finalized their mag&grams. Students
found that, initially, constructing maps/diagramaswdifficult. How-

ever, as their mapping proficiency improved, stugleimderstanding of
mathematics deepened and became more conceptual rasult of

continually revising their work especially as thalidity of each

map/diagram is dependent on how well they had aedlythe

conceptual structure of relevant topics and protdeand whether or not
it withstood critiques from the others. Studentsoadeveloped an
appreciation of the crucial inter-linkages betwesmmon procedures
and fundamental mathematical principles, which balty motivated

them to constantly seek out alternative methodm fadher areas of
mathematics. Such research findings imply that eratitics education
in schools can be further enriched through the ipooation of these
innovative strategies into teacher preparation peogs.

Introduction

Numerous pieces of research have been conductbeé imse of concept maps and/or
vee diagrams as meta-cognitive assessment toolstudents’ conceptual under-
standing over time in the sciences (Novak & Car2@¥)4; Conlon, 2004; Brown,
2000; Mintzes, Wandersee & Novak, 2000, 1998; Novak04, 2002, 1998;
Afamasaga-Fuata’i, 1999a, 1999b, 1999c), and maitiesn (Afamasaga-Fuata'i,
2004a, 2004b, 2002a, 2001a, 2000; Schmittau, 20@4gjiardo, 2004, Williams,
1998; Swarthout, 2001; Liyanage & Thomas, 2002); egarizational tools for
interview data (Tavana, Hite & Randall, 1997; Noaksowin, 1984); as a research
tool (Daley, 2004); as good communication toolse@man & Jessup, 2004) and
analytical tools to unpack teachers'/students’ipigednts’ perceptions (Briggs,
Shamma, Canas, Carff, Scargle, & Novak, 2004; Rittn2002; Wilcox & Lanier,
1999; Swarthout, 2001) and epistemological bel{€fsang, 1994) before and after
educative interventions such as workshops or progira
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Previous research by the author on maps/diagransedondary mathematics
(Afamasaga-Fuata’i, 1998a, 1998b) and universityheraatics (Afamasaga-Fuata'i,
2004a, 2004b) showed that constructing the mapsdiftisult initially but students’
proficiency improved over time and their conceptulatlerstanding of mapped topics
was further enhanced. Subsequent workshops wiénaeiand mathematics specialists
and teachers found that concept maps and vee diagnave potential as teaching,
learning and assessment tools (Afamasaga-Fuat@02#® 1999a, 1999b, 1999c,
1999d).

In undergraduate courses, students often struggéxplain why their methods
work or pose questions mainly because they arequpped with a suitable language
to explain their solutions or formulate queriespexgively. Richards (1991) describes
this situation as a communication problem resultingm students’ inability to
“understand the appropriate language, syntax, yihnhm of a mathematical discussion
and no sense of making conjectures or evaluateemsdtical assumptions.” However,
if, on the other hand, answers are given, theyoften in terms of methodological
issues (Chang, 1994) instead of a theoretical fwarle indicating that students’
proficiency in executing sequences of steps dodsneoessarily indicate a deep,
conceptual understanding of the mathematics ineblv@ften when in doubt, students
tend to use any procedure to get an answer withealty checking whether the
algorithm is suitable to the problem (Schoenfeld9@d). In Samoa, these problems
may be indicative of an educational system th#taiditional and examination-driven,
and in which there is little to no time for mathdival discussions and dialogues. As a
result, problem solving skills students acquire rotlee many years of secondary
schooling may not necessarily be situated “withiwider understanding of overall
concepts” and would probably not be “long-lastifBarton, 2001).

Research findings (Afamasaga-Fuata’i, 2003a, 20@&M)2b, 2002c, 2002d;
Schell, 2001; Knuth & Peressini, 2001; Carlson,%9fannkuch, 2001) have shown
that students’ perceptions of what constitutes eratitics learning and problem
solving are substantially influenced by the wayytlave been taught mathematics
(Afamasaga-Fuata’i, 2003a, 2003b, 2002b, 2002c1200999a, 1999b, 1999c). That
is, teachers’ world views and beliefs about math@®mainfluence the way
mathematics knowledge is presented to studentstlyirer indirectly (i.e. teaching),
and the way the dialectical processes of criticiamd warranting of students’
mathematical claims (i.e. assessment) is directedl @ontrolled (Ernest, 1999).
Typically within an authoritative perspective, matiaics is viewed merely as a
collection of facts and procedures to be transdhitsebsequently classroom practices
and activities serve to simply transfer informatiorin contrast, a student-based,
cognitive and social perspective views (mathemdéasning and) “understanding as
the result of interacting and synthesizing onetsutihts with those of others” (Schell,
2001; Knuth & Peressini, 2001) in which mathematic®owledge is a social
construction that is validated over time by a comityuof mathematicians. Thus
making sense in mathematics is both an individual eonsensual social process
(Ball, 1993). Mathematical classroom practicesefae, should aim to equip students
with the appropriate language and skills to en#tiden to construct for themselves the
mathematics that is taught, and critically analgsel justify their constructions in
terms of the structure of mathematics (Richard§1)9Lesh (2000) points out that,
“mathematics is not simply about doing what you td ... mathematics is about
making sense of patterns, and regularities in cempystems ... it involves
interpreting situations mathematically.” “Studentsed to learn mathematics as social
knowledge; they are not free to choose the meartmgs construct. These meanings
must not only be efficient in solving problems, bléy must also be coherent with

Regular Lecture



those socially recognized. This condition is neags&ar the future participation of
students as adults in social activities” (Balach&#Q0).

This paper presents an overview of the existing lprab with mathematics learning in
Samoa, followed by a brief description of the cqtomap and vee diagram studies
(mapping studies) conducted with different cohafsundergraduate mathematics
students, and the guiding conceptual framework raathodology, before presenting
the results and findings from one of the cohortsunflergraduate students at the
National University of Samoa (NUS).
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Existing problems in mathematics learning

The author envisages existing problems to be of fmiegories, namely students’
narrow perceptions of mathematics, struggles tosfex existing knowledge to new
situations, difficulties in communicating mathematly, and lack of critical thinking
and analysis. The categories are mutually interadiut the separation shall facilitate
discussion and analysis later on.

Firstly, the fragmented, narrow view of mathematit®st held by NUS
undergraduate students reflects the kinds of madtiesnexperiences they had whilst
in schools. In Samoa, failure rates in the secgndational mathematics examinations
are fairly high, up to 70% (Afamasaga-Fuata’i, 2803003b, 2002b, 2002c, 2002d,
2001b) and in spite of the restricted entry inte thiversity Preparatory Year (UPY)
program at NUS, failure rates in the UPY mathensagicaminations are still high, at
approximately 55% to 65% a semester. These studedtshose that filter through to
the undergraduate program consistently perceivéhenadtics learning as basically
manipulating symbols and substituting values iotoriulas.

Secondly, the Samoan Department of Education ndteuraeys have reported
on the prevalent rote-memorization learning mostlants adopt to pass national
examinations. Such findings resonate with recurdamments in examiners’ reports
concerning students’ obvious inabilities to effeely apply existing knowledge to
successfully answer exam questions. NUS’s UPY siisda contrast, are the top 10%
of those that passed the Pacific Senior SecondattifiCate (PSSC) regional
examinations at the end of secondary level, yat tumsistently struggle with appli-
cations of basic mathematics principles in sohalggebraic inequalities and equations,
completing solutions and graphing functions (AfaagesFuata’i, 2003a, 2003b,
2002b, 2002c, 2002d, 2001b).

Thirdly, NUS mathematics students are uncomfortaliien requested to justify
why a method works, to critique or to propose aoeable strategy to solve a novel
problem. If and when given, explanations are oftenterms of procedures or
sequences of steps instead of on the basis ofoteeptual structure of mathematics.
Obviously, such hesitancies to justify, describel aonjecture are symptomatic of an
authoritative perspective in which dialogue and gamication of ideas are not
promoted. Instead, students typically do not qoestichallenge or influence the
teaching of mathematics in the classroom (KnuthegeBsini, 2001).

Fourthly, most of the time, students may be prefitiin applying formulas to
familiar problems. However, there is a remarkablek|of critical thinking and ana-
lysis especially evident when given novel probleWhilst they may have the relevant
content knowledge, students are often unable tiegandently, apply what they know
unless substantial guidance is provided (Afamasagda’i, 2003b; Afamasaga-
Fuata'i & Retzlaff, 2003). Such propensities arelicative of those who learn
mathematics by memorizing collections of facts pratedures in compartments to be



recalled when necessary with little effort in makimterconnections and linkages.
Generally in practice, the examination-driven téaghof secondary mathematics in
Samoa naturally inculcates in students a basicalyow, procedural and compart-
mentalized view of mathematics. Subsequently, ieféort to partially redress student !
difficulties, explore different ways in which mathatics learning can be enhanced, ,
and guided by findings of a study with secondandshts at the local government
secondary school (Afamasaga-Fuata’i, 1998a), thiecawndertook a series of map-
ping studies at NUS (Afamasaga-Fuata’i, 2004a, B0@a02a, 2002b, 2001a, 2000).
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Concept map and vee diagram studies at NUS

The mapping studies investigated the impacts ofgusimcept maps and vee diagrams
and social critiques on students’ mathematical tstdading, perceptions and
efficiency in communicating mathematically. For exde, students are required to
undertake a conceptual analysis of a topic to iflenmelevant major concepts,
principles, formal definitions, rules, theoremsiniolas and methods in addition to
being proficient in executing procedures. The théakresults are then mapped onto
a concept map to illustrate the interconnectionsvéen major concepts, principles
and relevant formulas. With mathematics problemsdents identify the theoretical
underpinnings of the problem context in terms dévent principles, major rules,
concepts and general formulas which might guidedineelopment of a solution. The
results are then mapped onto the conceptual sidevae diagram (see Figure 1) to
illustrate the relevant principles underlying the®lusion (mapped onto the
methodological side) to emphasize the interplayvbenh theoretical bases and proce-
dures. Thus students use the vee diagram as auséruit display the relevant
conceptual and methodological information of a pepbwhilst concept maps depict
networks of hierarchical interconnections betweemcepts. Figure 1 shows the
mathematics problem solving vee with its guidingesfions used by students to
systematically analyze problems.

Conceptual framework

The distinction between an authoritative perspectivenathematics learning (as is
prevalent in Samoa) and the Ausubel-Novak cognitie®ry of meaningful learning,

socio-linguistic and social constructivistic persipees may be viewed in terms of the
extent with which classroom discourse and soci@rattions are supported (Wood,
1999). Within these perspectives, mathematics iegris viewed as both an

individual and social process. Hence it is fundatagnimportant that students learn
mathematics in meaningful ways, not predominanylyrdte memorization, and that
their understanding is developed through the coostm of their own patterns of

meanings and through participation in social intBoams and critiques.

To assist in explaining the processes of knowledgestcuction and meaningful
learning, Ausubel-Novak’s theory of meaningful leag guides the mapping studies,
particularly its principles of assimilation andegtation of new and old knowledge
into existing knowledge structures. When learnieg/kknowledge, the student tries to
decide which established ideas in his/her cognisiracture of meanings are most
relevant to it. If there are discrepancies and laisf the student reorganizes and
reconstructs existing patterns of meanings, reftatas propositions, or forms new
patterns to allow for the effective assimilationrefw meanings. For example, if the
student could not reconcile the apparent contradidtieas, then a degree of synthesis
(integrative reconciliation) or reorganization okigting knowledge under more



inclusive and broadly explanatory principles wolddd attempted (progressive di-
fferentiation). In contrast, rote learning is ldamwhere students tend to accumulate
isolated propositions rather than developing irdesg, interconnected hierarchical
frameworks of concepts (Ausubel, 2000; Ausubel, o8 Hanesian, 1978; Novak, '
2004, 2002, 1998). The cognitive-meaningful learnigd social constructivist )
approaches to learning provide the opportunitytfiermetacognitive development of a
student, particularly as it allows the individual actively construct mathematical
thought and think reflectively whilst constructingnd publicly presenting
maps/diagrams within a social setting.
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Focus Question

Conceptual Side What is the problem Methodological Side
askine for/about?

Knowledge Claim
What is the answer to focus the
question?

Theor(ies)

What are the relevant theories/theorems?

Transformations
Principles Which methods are guided by listed
What are the relevanvr principles to principles?
solve a given problem?
Records
Concepts What is the given information?

What are the main concepts?

Event/Object
What is the problem statement?

Figure 1. Mathematics problem solving vee diagrimon{ Afamasaga-Fuata'i, 1998a,
modified from Novak & Gowin, 1984)

Methodology

The methodology was a qualitative, exploratory teagkexperiment conducted over a
semester of 14 weeks with different cohorts of stisl as part of an undergraduate
research mathematics course at NUS during thddasyears. A teaching experiment
is defined as “an exploratory tool ... aimed at pding understanding of what might
go on in (students’) heads as they engage in mattieah activity” (Steffe &
D'Ambrosio, 1996). The course’s goal was to intcedstudents to the meta-cognitive
tools of maps/diagrams as means of learning mattiesnmore meaningfully and
solving problems more effectively. The content fiwe application of these
metacognitive tools (Novak & Cafias, 2004; Novak33)9were chosen topics from
degree courses at NUS such as, for the particalaort of students reported here,
limits and continuity, indeterminate forms, numafienethods, differentiation, inte-
gration, infinite series, normal distributions ar@iplex analysis.

The selection of activities were guided by epistegimal principles such as
building upon students’ prior knowledge, group woregotiation of meanings,
consensus and provision of time-in-class to alldwdents to reflect on their own
understanding. Accordingly, the studies includedfamiliarization phase which
introduced students to maps/diagrams and new swodioral classroom practices



(socio-mathematical norms) prior to the commencénoérthe actual study. Small
groups and individuals practised presenting antiqaimg in a classroom setting.
Similarly, individual students participated in oor-one consultative sessions with the
researcher for the presentation and critique reisedy, of individually extended and '
revised maps. Students also practised negotiatiagnings during group presen-
tations; they argued, explained, justified and sesli work appropriately and when
necessary as they strive to reach a consensus. &hesocio-mathematical norms
established for the studies expected each studgmesent his/her work publicly, be
prepared to justify and address critical commerdmfpeers and researcher, and then
later on critique peers’ presented work. Time was @kt aside between critiques for
students to revise and modify maps/diagrams whemroariate in readiness for
follow-up sessions. This exposure to the cyclic psscof: presenting (to group or
researcher® critique® revising® presenting of maps/diagrams was the fundamental
process for the actual studies. Of the 13 studarttse cohort, 3 of them chose topics
outside of mathematics (computer programming, lelbgy, and organic chemistry).
This paper reports the data from the mathematicseggirmaps and vee diagrams.
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Data analysis and discussion

The data collected consisted of students’ progressdpic concept maps (4 versions)
and progressive vee diagrams of 3 problems (at Ragrsions per problem), final
reports and researcher’s field notes on presentatamd annotations on maps/dia-
grams. Analysis of the progressive concept mapsvaeddiagrams are in accordance
with the Ausubel-Novak cognitive theory of meaningfearning. Students were
introduced to concept maps as tools to displayahibical interconnections of
concepts of a topic whilst vee diagrams facilittite analysis of both the conceptual
and methodological bases of mathematical problétesce the inclusion of detailed
procedural steps on a concept map is regardedagpriopriate only because they
would be more suitable on a vee diagram. Data doicept maps are presented first
before a general discussion of students’ vee diagira

Concept map data and analysis

Whilst the literature documents various ways okas#g and scoring concept maps
(Novak & Gowin, 1984; Ruiz-Primo, 2004, Conlon, 20®Ruiz-Primo & Shavelson,
1996; Liyanage & Thomas, 2002), the mapping studieped a qualitative modified
version of the Novak scheme using only counts afuoences of each criterion.
Subsequently, concept maps are assessed in tethrescoimplexity of the hierarchical
structureof conceptsdtructural criteria), nature of the contents or entrie concept
boxes or nodexéntents criterid andvalid propositiongproposition criterig.

The structural criteria indicate the extent of integrative crosslinks lesw
groups of concepts and progressive differentiabetween levels as evidenced by
nodes with multiple branching which create sub-bhes within a main branch and
also in terms of average number of hierarchicatleper sub-branch. In contrast, the
contents criteriaindicate the nature of students’ perceptions ofheraatical know-
ledge in terms of suitable concept labels and tithive examples but excluding
procedural steps and lengthy phrases. In this stddfinitional phrases although
conceptual are regarded as too lengthy as enthes; presence signals the need for
further analysis to separate “concepts” as distfrmin “linking words” considered
more suitable for describing interrelationships. Thaéegory of inappropriate entries
also include those that specifically describe pdoical steps (more appropriate on vee
diagrams), redundant entries (indicating the needafre-organization of a concept
hierarchy or the possibility of crosslinks to fistcurrence of entry), linking words as



concept labels (linking-word type) and definitioqdirase type described above. The
proposition criteriadefine valid propositions as those formed by adveaiad consis-
ting of two valid nodes connected by a link withpegpriate linking words correctly
describing the nature of the interrelationship. (zalid nod® linking words® node
triads).

Data from the first and final concept maps are camag in detail by criterion in
Tables 1 and 2 but are summarized broadly in tefntisecthree criteria in Table 3. It
is assumed that final maps/diagrams had evolvedrasult of various iterations of the
cyclic process of presentiigeritiquing® revising® presenting over the semester. In
this regard, initial maps/diagrams reflect studesssting knowledge at the commen-
cement of the study. Case studies of each studeotisept maps are considered first
followed by a general discussion of the cohort’skuwith vee diagrams.
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PenePendLoke|Loke| Fia | Fia | Vae [VadHeku|Heku

Student # 1 2 3 4 5 ' ? ”(;‘ E
2 0 0 4
Contents Criteria

Concepts 35, 3q 11 32 7B g 40 pe4 | 50

Examples 5 1 19 14 0 q p Pp D D

Definitional 4 | 14 1 8 1 8 14 ] 1 1p
Inappropriate 8 1l 2 o o 4 d p 6 p @ Reslertewr
Total Nodes 52| 44 39 5 7# 19068 | 67 51 | 68

Concepts 67%65%] 44%)| 56%] 99%| 83%] 59%[99%4 86%| 74%

Examples 10% 2% | 49%| 28%]) 0% | 6% | 15%| 0%] 0% | 0%

Definitional 8% | 30%] 3% | 1494 1% | 8% ] 18%]| 1%] 2% | 22%

Inappropriate 15%2% ] 5% | 2%| 0% | 3%] 9% | 0% 12%| 4%

Propositions Criteria

Valid Propositions] 27 24 2% 2p 77 19632 [ 85) 35| 54
Invalid Propositions] 25 33 11 3|) J MY 31 |3 18 Pp7

santdSantd Fili | Fili | Pasi| Pasi| Toa |Toa] salo| salo
Student # i 7 8 9 10Q

Contents Criteria

Concepts 165 15p 32 | 30 41| 52] 34| 63100| 79
Examples 11] 12 0 1 20 [l @ 7 34 7
Definitional 1 2 3 3 3 7 6| 1p 8 6
Inappropriate 12 19 13 1 50 b KU 33 [
Total Nodes 189 189 48 | 41 114/ 60| 45| 82] 141| 92
Concepts 87%84%] 67%| 73%] 36%| 87%] 76%|7194 57%| 72%
Examples 6% 6% 0% 2%18%| 0% | 0% | 8%} 19%| 16%
Definitional 1% | 1%] 6% 79 3% | 129 13%|17% 5% | 6%

Inappropriate 6% 89U 27%17%)44%| 2% | 11%)|4%] 19%| 6%

Propositions Criteria

Valid Propositions| 148166 ) 15| 26] 48| 39] 28 8$110| 82
Invalid Propositiond 51 43 3 22 |2(Z3 30

™
=
)
~l
[EY
©

Table 1. First and final concept maps: contentspaogosition criteria



Pene | PendlLoke|Loke|Fia|Fia| Vae | Vae| Heku| Heku
Student
I C M E
1 0
Level 1 |2 3 3 7 |2]2]32] 5 2004
Level2 |8 23 123 |5 3 31 238231432
4
Level 3 |3 3 3 32134 32 23| 24 4.6
Level4 |4 3 2 23154 214 3,3,3, 2,3,5,2,5.4
3 2 2 Regular Lecture
Level5 |3 3 2 2 | 2,2 22 12 |52
4
Level6 ]|2,2 6,3 6,3 2,2 12,24,4,4,2,2
2
Level 7 |2 2,2|12,2, 32212
2,2 |3
Level 8 3 2 4,2|4 2 2
3,2
Level 9 3 2,3 2,3
Level 10 2,2 3 2
Total # 8 10 5 81 1819] 9 181 9 19

Santo| Santo Fili | Fili JPasiPas{ Toa | Toa] Salo | Sald
Student
Levell |3 3 2 5 3 3
Level2 5,4 9,3,2,3,3 44 2 2 25,35 2
Level 3 ]2,2,2,[3,2,2,5,2,2]8 23134 2,214 6,3,
11,5,3(9,2 2,4,
8 2
Level 4 ]2,3,2,(3,3,3,2,3,2)4 3 132 6,2] 2,22| 532
3,2,3 [2,2 ,2
Level 5 §2,2,2,[2,2,3,2,2,3]5 2 13,213,222 2 4,2 2,2
24 12,2 2,2
Level6 |2 3,2 331 3| 3 2,42,3.2,21 2,2,p
3
Level 7 2,2 2 4 122 335.22]132])2 45
2 3,2
Level 8 2 2 13 2,2
Level 9 43,2 2 2
Level 10 3,2 2 2 6
Level 11 3
Level 12 25,23
A
Total # 24 34 4 9 13 1} 9 17 20 16

Table 2. First and final concept maps: multiple-lslang nodes
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PenePendLoke|Loke| Fia | Fia | vae [VadHeku[Heku]

I C M E
1 0
Contents Criteria 200 4
Total Nodes 52| 49 39 51 74 19068 | 67] 51 | 68
% Valid Nodes 77%67%] 93%| 84%] 99%| 89%| 74%|99% 86%| 74%
Proposition Criteria Regular Lecture

Total Propositions 52 54 36 5p g0 1p®3 | 88] 53| 81
% Valid Propositiond52%| 44%] 69%]| 49%] 96%| 88%] 51%|97%4 66%]| 67%

Structural Criteria

Crosslinks 3/ 100 O 6 9 10 4 176 | 22
Multiple Nodes g 10] 5 8] 1§ 19 9 13189 | 19
Sub Branches 17 14 9 1 26 33 P2 |19 | 32
Average H/Levels pqr 6 8 6 6 101 9 7 8 8 7
Sub-branch
Main Branches 6 6 5 7] 5 g 4 b b D

santdSantd Fili | Fili | Pasi| Pasi| Toa [Toa] salo| salo

Contents Criteria

Total Nodes 189 18p 48 | 41] 114 60 ] 45| 821 141| 92

% Valid Nodes 93%90%] 67%| 75%] 54%| 87%] 76%|79% 76%| 88%

Propostion Criteria

Total Propositions] 199211 47 | 42| 119 58 | 50 | 104 183| 112

% Valid Propositiong 74%| 799 32%| 62%} 40%| 67%] 56%|81%4 60%| 73%

Structural Criteria

Crosslinks 8 8 1 4 11 1 13 215 6
Multiple Nodes 24| 34 4 9 13 1] g 720 | 16
Sub Branches 68  6f 16 1B 19 6 (10 |244 | 35
Average H/Levels pgr 6 6 6 6 121 9 11 9 9 7
Sub-branch
Main Branches 19 19 4 & 1p 3 JLalo0 | 10

Table 3. Summary data for the first and final conceaps
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Student 1: Pene — Indeterminate forms

Although Pene had encountered the topic “indeteamtaiforms” before in first year
mathematics, it was still difficult for him to beghis first concept map. Subsequently
by consulting a number of textbooks, he selectddva key concepts for his first
attempt. Of the 52 nodes selected and used, 778é wadid concept labels and
illustrative examples. The invalid ones (23%) weue to procedural, linking-word
type and definitional-phrase entries. Examples @ihdimnal phrases used as concept
labels are: “differentiable in open interval”, “doruous in closed interval” and “g()

0 for any x in (a, b).” Over the semester as alt@dLcritiques, revisions and further
research on his part, Pene’s final concept maprbeazonsiderably more complex
with average level per sub-branch increasing frono 88, more integrated with
increased crosslinks from 3 to 10 and more diffeaéed with increased multiple-
branching nodes from 8 to 10. However, the redymmrdentage of valid nodes (from
77% to 67%) reflects the increase in definitionalgses from 8% to 30%. In spite of
the decrease in valid propositions from 52% to 4#¢4he final map, the latter was
conceptually richer than the more procedural finstp. By continually re-organising
the hierarchies of some of the sub-branches, cdmgl¢he conceptual analysis of
definitional phrases, and enhancing the stateméntnking words to succinctly
capture the nature of interrelationships, Penaialfimap has the potential to become
an even more enriched network of conceptual intereotions than shown in the
fourth and final version.

Student 2: Loke - Differentiation

Loke’s first concept map had relatively more illagsive examples (49%) than concept
entries (44%) with 69% of the (na@dinking-words® node) triads forming valid
propositions. Procedural entries suchmsiltiplying first' to refer to the power rule of
differentiation were classified as inappropriateve© the semester as a result of
critiques, further revisions and independent radedroke continued to revise his map
to accommodate feedback from the various critiglreserms of the contents criteria,
Loke’s final concept map was more conceptual agetftl by an increase in valid
concept nodes (from 44% to 56%) but a reductioitiustrative examples (from 49%
to 28%), see Table 1, which resulted in an oveealliction in valid nodes from 93%
to 84% (Table 3). The structural criteria by compariseflected the more complex
nature of the final map. It had become more integras evidenced by the addition of
6 crosslinks and more differentiated as indicatgdncreases in multiple-branching
nodes from 5 to 8 leading to increases in sub-bramérom 9 to 19 and the addition of
2 more main branches. However, the reduction aflyabpositions from 69% to 49%
was mainly due to increased definitional phrases{f3% to 14%) and inappropriate
entries (2%). Examples of definitional phrases alee “graph concave downwards
called maximum?”, “gradient of secant at points | &Y and “secant, join by points P
and Q” which could be either analysed further taraot relevant concepts from
linking words or revised to be more succinct anecfge. Linking words (emphasised
below) were also either trivial or incorrect sucks dan the propositions
“ Differentiation’ introduce 1mplicit Differentiation™ and “ Differentiation’ also
have a‘'non-differentiable function’.” Propositions likerfiaximum/minimum value’
occurs at'f¢qx)=0" has incorrect linking words. Overall, th@adl concept map was
more differentiated as indicated by the increasemilltiple branching nodes, sub-
branches and branches. However, despite the imtteasmber of valid concept
labels, the increases in inappropriate entries f88mto 16%, and inaccurate linking
words resulted in an overall reduction of valid gwsitions from 69% to 49%

[13]
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particularly as the three-components of the (fligking words® node) triad have to
be all valid in order for it to be classified asadid proposition.

Student 3: Fia — Numerical methods

Fia's first concept map was predominantly concdpiuitn interconnections between
main concepts through multiple hierarchical levafldess general concepts down to
more specific general formulas illustrating thefatiént types of numerical methods
such as Newton’s formula and Gauss’ backward foanamd without any illustrative
examples. The high percentage (96%) of valid prdioos reflected Fia's careful
organization of concepts with correct linking war@ver the semester as a result of
critiques, revisions and further research, thelfimap showed a relatively more
conceptual trend with an increase in number ofdvatincept nodes from 73 to 83 but
the decrease in proportion of valid nodes (from 9@783%) is due in part to the
increased number of definitional-phrase entriemfid® to 8% and new inappropriate
entries (3%) due to procedural and linking-wordetypStructurally, the final map had
become better organized and more differentiatedtdw increase in the number of
multiple-branching nodes (from 18 to 19) which fe=ii in an increase in sub-
branches from 26 to 33 and main branches from & 1o terms of the propositions
criteria, the increase in number of valid proposis from 77 to 106 but reduction in
the proportion of valid propositions (from 96% t89%) is mainly due to the increased
percentage of definitional-phrase, procedural ammting-word type entries and
missing/inappropriate linking words. Over time, fival map can be revised further to
enhance the correctness of the (ddlaking words® node) triads.

Regular Lecture

Student 4: Vae - Limits and continuity

Vae’'s first concept map showed inclusion of congfermal definitions of limits and
continuity as concept labels at Levels 2 and 3 atiafig illustrated in Figure 2.
Subsequently during the first presentation, inifed¢dback was for Vae to conduct
further analysis of each definition to identify keypncepts to be connected by
integrative and differentiating links within a héechy with suitable linking words to
accurately describe interrelationships. As a resoft continuous revisions,
presentations, and critiques over the semesters\agic concept map progressively
evolved into one that was becoming more concejtuigd selection of concept labels
and structurally more complex and differentiatedcémparison of Vae’s first and
final maps showed a decrease in total number oésifidm 68 to 67 but the number
of valid nodes (concepts + examples) had increfrsed 50 to 66 (see Table 1). This
trend is likewise reflected in the substantive patage increase in valid concepts
from 74% to 99% and valid propositions from 51%96. The more conceptual
trend is partially due to the decrease from 49%8% of inappropriate triads as
inferred from Table 3. In terms of the structuratesia, Vae's final map had become
more integrated (crosslinks increased from 4 tq 4@l more differenttiated (multiple
branching nodes increased from 9 to 18; sub-brandnem 22 to 19 with a higher
average number of hierarchical levels per sub-bramcreasing from 7 to 8 and more
main branches (from 4 to 5). Evidently, continuoesisions subsequent to critiques
and further independent research substantivelyrexdtbathe hierarchy and network of
interconnections such that formal definitions hdwen analyzed completely and
appropriate linkages visually displayed to illuttrathe conceptual structure
underpinning the topics of limits and continuityiglire 3 is a partial view of Vae's
final concept map showing the portion that corresjsoto the partial view shown in
Figure 2.
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Figure 2. Top part of Vae's first concept map

Student 5: Heku — Motion

Heku's first concept map included the conceptstion, quantities, speed, distance,
time and acceleratiorand graphsin the first three levels with subsequent levels
displaying different types of speed (average,ahifinal) including graphs of distance,
speed and acceleration versus time to progressigefyve various formulas for
distance, speed, time and acceleration. Durinditsepresentation, critical comments
pointed to the need for missing relevant concepth sasscalar and vector which
would provide the necessary link between the cascepspeed and velocity as well
as the displayed graphs. As a result of critiquesgisions and further independent
research, Heku's map evolved into one that incluttedconceptanotion, quantities,
scalar quantities, vector quantities, magnitudenddirection g in the first three levels
with subsequent levels displaying sub-branchesihgfithe concepts oflistance d,
speed s, time t, acceleration a, velocitgnd displacement in terms of their general
formulas and representative graphs. The sub-bramdasted by conceptsagnitude r
and direction g were synthesized and reconciled with nodes dismaright-angled
and non-right-angled triangles before being pragivedy differentiated to defineand

g in terms of angles and side lengths. In termshefdontents criteria, Heku's final
map had increased total nodes (from 51 to 68) withincreased number of valid
nodes from 44 to 50. However, in terms of percemtaglid nodes decreased from
86% to 74% due to the high increase in number fihitienal phrases from 2% to
22%. On the positive side, there was a reductidnappropriate entries (from 12% to
4%) due to procedural and linking-word types. Intcast, there was a high increase in
number of valid propositions (from 35 to 54) altbbuin terms of percentage, the
increase was slight from 66% to 67%. Structuralhg final concept map was more
integrated (crosslinks increased from 6 to 22), andifferentiated as evidenced by
increased multiple-branching nodes from 9 to 1%hwiten higher increases in sub-
branches from 9 to 32 and main branches from 6 Overall, Heku’s final map had
progressively evolved into one that is better oizroh and more complex with an
enriched network of hierarchically interconnectouncepts.

Student 6: Santo — Complex analysis
Santo was concurrently enrolled in the complexysislcourse, so his concept maps
tended to follow the teaching sequence of thatsmutis first concept map (figure 4)

m
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Moivre's Theorem, function types, continuapd complex differentiablesising the

first three chapters of the textbook “Complex Ay by Murray R Spiegel. Each
main branch focussed on illustrating hierarchicahreections between relevant !
concepts to define the focal concept. For exantp&e|eftmost branch orPbint Set$ )
defined and illustrated graphically the meaningspofnt sets such asnéighbor-
hoods, “ d delected neighbourhotd“limit points’, “closed sets “bounded sets
“interior point’, and “connected setsThe rightmost branch in comparison attempted
to illustrate the concept of complex differentiablesing concepts such asnalytic-
city,” “first principles,” “L’ Hospital’'s Rule”, and" singular points.”Of the 189 nodes
in the first map, 93% were valid nodes (i.e. cotegmd examples) whilst 6% were
inappropriate nodes due to linking-word type andlurelant entries with 1%
definitional phrase. From the overall map, 74% o 199 propositions were valid
ones. Of the 51 invalid propositions in the firsipnmore than half of them were due
to vague or incorrect linking words in the (n@dinking words® node) triads with
the rest due to inappropriate nodes (i.e. procéduraedundant entries). Figure 4
below shows the dnalyticity’ sub-branch of Santo’s first concept map in which
inappropriate entries and linking words are itakel and enclosed within brackets.

covered a range of concepts frqgmint sets, operations with complex numbers, Dez

C E
1
0

M
0
0

4

Regular Lecture

With repeated cycles of presentati®nitique® revision® presentations over the
semester, Santo’s final concept map still had #mesnumber of total nodes (189) but
a slight reduction of valid nodes (from 93% to 90&e to a slight increase of
inappropriate nodes (from 6% to 8%) from linkingsrd@and procedural type entries.
In terms of the proposition criteria, valid propgasis had increased from 74% to 79%.
Figure 5 shows the final version of thanalyticity’ sub-branch in which concepts

%7 and % have been deleted with
revisions in some entries to show a more parsimenarganization. Thesfngular
points’ sub-branch had also shifted to illustrate theecak“non-analytic function$
Santo appeared to have selected more approprizdts [for nodes however; he still
needs to be more succinct and precise with linkitogds to accurately describe the
interrelationships. Furthermore, the last 3 lexaflshe Cauchy-Riemann sub-branch
ended in a display of trivial subsidiary conceptiernatively, he could have further
explored potential crosslinks to the adjacdmitg-conditions sub-branch.

such as first derivative’ “ second derivativé
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Figure 3. Revised top part in Vae's final concepipm
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Student 7: Fili — Multiple integrals

Since Fili found his topic difficult to concept mape was motivated to consult a
number of textbooks for some guidance. His firsproaly had 48 nodes of which
67% were valid nodes. The inappropriate nodes (388t¢ mainly due to definitional
(6%), procedural and linking-word type entries (37%he low proportion of valid
propositions (32%) was due to inappropriate, mgsin vague linking words and/or
inappropriate entires. The four multiple branchimgles in the first map included the
entry Double and triple integralsat Level 1 with two outlinksDouble integralat
Level 3 with eight outlinks, and a graph of regioroRRthe xy plane at Level 4 with
four outlinks and a second graph of box G on the plane at Level 5 with five
outlinks (Table 2). Nodes at subsequent levels waostly linear connections of
entries to illustrate how the two graphs could beduto derive the double and triple
integral formulas in terms of the limits of the pestive Riemann sums. In general,
Fili's first map illustrated a sequential derivatiof the respective formulas. In the first
presentation, critical comments mainly focussed tbe need to improve on
definitional-phrase and procedural-statement typeiess. Examples of the latter are
divide the box into sub-boxesmdchoose arbitrary point of each interior sub-and
inappropriate linking words such & definel proceed as followandall lie out of
G. Over the semester as a result of critiques, i@dsand further independent
research on his part, Fil's map evolved into ohattwas more parsimonious,
integrated and differentiated. In terms of the earx criteria, although total number of
nodes had decreased from 48 to 41, the proporfiealm nodes increased from 67%
to 75%. This was partially due to the reduction pprapriate entries from 27% to
17% in spite of the slight increase in definitiotygbe entries from 6% to 7% (Table
1). A similar trend is also shown with the propigsis criteria. Specifically, the total
number of propositions decreased from 47 to 42 thet proportion of valid
propositions almost doubled from 32% to 62%. Stradty, the final map became
more integrated as evidenced by increased cross{finém 1 to 4), more compact as
indicated by the reduction in sub-branches (fromdl®3) and more differentiated as
reflected by increased multiple-branching nodeen(fr4 to 9) and main branches
(from 4 to 6).
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Figure 4. Partial view of Santo’s first concept maanalyticity sub-branch

Student 8: Pasi - Integration

Pasi is a secondary school mathematics teacher wé® undertaking a BA

(Mathematics) program on a part time basis whésiching mathematics at a local
secondary school. His first concept map was, &t fijlance, well organized and
structured with the 12 main branches neatly arrdraged consisting of a total of 19
sub-branches with fairly high average hierarchleskls per sub-branch of 12. The
hierarchical structure at the top of the map iliatets a categorical classification into
types of integrals, integration formulas, and iifave examples. All of these depict
“a very traditional, top-down approach” in whicHamula is provided followed by a

step-by-step illustration of how it is applied tm &xample. However the rich
conceptual framework underpinning the developmehtthe anti-derivative and

numerical limit views of integral calculus is misgi Of the 50 inappropriate nodes,
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43 of them were actual steps in the procedure plyapy an integration formula to a
function example. These procedural steps would beenappropriate on a vee

diagram, not on a concept map of interconnectiais/den concepts. The rest of the

inappropriate entries were definitional phraseslarking-word type entries. In terms
of the structural criteria, the first map showedcuwecences of progressive

differentiation of concepts (multiple branching &gt mainly in the upper levels (up to
Level 6) to differentiate between types of integraisegration formulas and symbols

used in general formulas. Subsequent progressiferetitiations (Levels 9 to 11)
were more specific to methods of solving illustratexamples.

Complex
Variables

First Derivative
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ith respect to)

Figure 5. Partial view of Santo’s final concept magnalytic function sub-branch

As a consequence of the cyclic process of presgtinitiquing® revising® presen-
ting over the semester, Pasi’'s final map evolveéd one that was more conceptual
with valid nodes increasing from 54% to 87%. Foaraple, a new branch illustrated
the numerical limit view of integrals from successapproximations of area under a
curve and linking it to the limit of the Riemannnswas a definition for the definite
integral. The absence of illustrative examples wasticeable feature of the final map
given the excessively procedural situation in tingt fnap. Of the 14% inappropriate
nodes in the final map, 2% were due to procedurdllmking-word type entries and
12% definitional phrases. In terms of the proposittriteria, there was a substantive
increase of valid propositions from 40% in thetfinsap to 67% by the final map.
Structurally, the concept map had become more congsaevidenced by the reduced
number of multiple-branching nodes (from 13 to 1si)b-branches (from 19 to 16),
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and main branches (from 12 to 6) with average hibieal levels per sub-branch
decreasing from 12 to 9. In terms of the propositioiteria, valid propositions had
increased from 40% to 67%. Overall, the final magsywredominantly more concept-
tual with more valid propositions than the extrgmetocedural and categorical first
map in spite of the reduced number of brancheswaritiple branching nodes.

Student 9: Toa — Normal distributions (ND)

Toa’'s concept maps also included Poisson distribati®D) and binomial distribu-
tions (BD). Constructing the first concept map wdifficult as Toa could not
immediately identify the main concepts and it was$ @asy to formulate appropriate
linking phrases to describe potential interconmasi between the initial concepts.
Subsequently, he researched a wide range of telxgbtm facilitate his conceptual
analysis. Toa also recognized that the three typekstributions are quite different.
Nonetheless, he felt challenged to construct aem@nmap that can include all three
distributions. For example, he wrote: “(it was) dvao think of a concept to start the
concept map and then link the others right dowth&éoend when it introduces (BD,
PD and ND).” At his first group presentation, hiseps pointed out that his first map
had “too many useful concepts (that) were missiagd that the “concepts used were
paragraphs.” In his subsequent revisions, he “todoieakdown those paragraphs into
one or two concept names” and “re-organized hi€ephhierarchy” to accommodate
the concerns raised by his peers and in prepargdrotine follow-up 1:1 consultative
session. As a consequence of the latter, Toa rdalim he needs to reconsider the
hierarchy of interconnecting concepts, potentiastexce of crosslinks and likelihood
of using graphs to assist with the elaboration i tnderstanding of the three
distributions. Subsequent revisions, presentaémuscritiques eventually resulted in a
final map consisting of 81% valid propositions cargd to 56% in the first map (see
Table 3) and valid nodes had also increased fronto3B (or 76% to 79%) by the
final map. However, there was a noticeable incréasthe number of definitional
phrases (from 13% to 17%) which still required Hiert conceptual analysis but a
notable decrease of redundant, procedural anchtipkiord type entries from 11% to
4%. In terms of the structural criteria, there wsamstantial increase in multiple
branching nodes (from 9 to 17) which resulted inremease of sub-branches from 10
to 24 in spite of the reduced average hierarch@adls per sub-branch from 11 to 9.
Overall, the final map had evolved to become monecked conceptually and
structurally better organized and more complex.

Student 10: Salo — Infinite series

Salo found that his topic covers a wide range dfedint types of sequences and
series. Thus his first concept map was very widé @@ main branches and 44 sub-
branches at an average number of hierarchicaldepet sub-branch of 9 with 20
multiple branching nodes spread over 12 hierartHmeels (Table 2). This was
partially due to a high number of redundant entsiesh asseries divergeandseries
convergeincluded for every one of 6 tests for convergerrel an excessive number
of particular examples to illustrate the differéypes of sequences and series. At the
first group critique, comments focused on the ligmber of inappropriate nodes (33)
due to procedural, redundant and linking-word typéries, and multiple notations
used to represent the same concept of n'th termsefguences and series. Subsequent
critiques of revised versions emphasized the neédprove the statement of linking
words and appropriate hierarchical levels for cpteethat are progressively
differentiated. A comparison of Salo’s first anddi concept maps showed that the
final version utilized fewer nodes of only 92 comgzhto the initial 141. However, in
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spite of the reduced total number, the proportibvatid nodes had increased from
76% to 88% due to the increased proportion of cphoedes (from 57% to 72%) and
decreased example nodes (from 19% to 16%). Thentatya of having more concept
nodes than example nodes is that the former alldars potentially more

interconnections unlike the more specific and ofterminal nature of illustrative

examples. Interms of the proposition criteri&, pinoportion of valid propositions had
increased from 60% to 73%. Structurally, the fimals more integrated (increased
crosslinks from 5 to 6) and more differentiated buer fewer hierarchical levels. For
example, reduced multiple-branching nodes (frontd®?@6) resulted in reduced sub-
branches (from 44 to 35) with a lower average nunatbénierarchical levels per sub-

branch of 7 compared to the initial 9 whilst mamnarches remain unchanged at 10.

Overall, the final map was more conceptual with aranenriched network of
interconnections and structurally more complex amoke compact than the first
concept map.

Vee diagram data and analysis

Students’ vee diagrams are analysed in terms of tjyges of criteria namely the
overall criteria and specific criteria. Tlowerall criteria qualitatively assess the level
of appropriateness of entries for the sections:usoQuestions, Event/Object,
Concepts, Records, Theories, and Knowledge Claimsadecordance with their
respective guiding question (see Figure 1) withim ¢ontext of the given problem. In
comparison, thespecific criteria qualitatively assess the extent of integratiotg-re
vance, correspondence and completeness betweerd ljstinciples and listed
transformations.

Figures 6, 7 and 8 show three examples of vee atiagfrom the work of three of
the students. Figure 6 shows one of the reviseddiagams by Pasi. In terms of the
overall criteria, the section entries for Theory, EY¥®bject, Concepts and Focus
Question are generally satisfactory. However, thfiseRecords and Knowledge
Claim are unsatisfactory. The record entry hasrsfoamed form of the given infor-
mation instead of simply the function y = 2x —%axd x = 0 to x = 4 plus given graph
(or reference to graph under focus question) wihiilstknowledge claim entry has a
summary of the calculation instead of framing itaas answer to the posed focus
question. It should be noted that the list undercepts are extracted and inferred from
the problem statement found in the focus questimhesvent/object sections. Applying
the specific criteria to the listed principles disled main steps of solution shows a
complete match of three principles to three maepst However, closer inspection
reveals that there is a missing principle to suppi@ integration of the given power
function, statement of Principle Il is incomplett@th Principles Il and 11l underpin the
second main step of the solution whilst only Pipiesill is listed and Principle | should
start with the word “If”. Figure 7 shows a revisestsion of a vee diagram by Heku in
which the overall criteria is satisfactory with teeception of the focus question entry.
However, there were problems with the specificecidt For example, the initial
principles were simply formulas without clarificatis and explanatory notes. With
critique, the revised principles shown in Figuraré more informative and are formu-
lated as general statements. Figure 8 is one ofsSate diagrams which satisfactorily
met the requirements of the overall and specifiteita and subsequently did not
require any further revisions.
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Figure 6. One of Pasi’s revised vee diagrams

The main findings from the assessment of studentsali vee diagrams of mathe-
matical problems showed that students had diffiesiiformulating principles to be
general conceptual or theoretical statements. ddstéheir initial attempts were
predominantly procedural and students tended teiggogeneral formulas without
clarifications leading to ambiguity. Most of thent, students do not provide a com-
plete listing of key principles underpinning maites listed under transformations.
However, with critiques and subsequent revisioner diie semester and guided by
progressive topic concept maps, statement of liptettiples improved over time to
become more conceptual general statements. Wioitgtnoially improving their vee
diagrams, students developed critical skills inlysiag and identifying underpinning
principles of solutions. Students continually exasd and explored crucial links
between principles and procedural steps as theyosetto construct robust vee
diagrams.

Summary of main findings
General findings from students’ work with both ceptmaps and vee diagrams may
be summarized by the following:

1. Students’ initial concept maps tended to incledenplete formal definitions,
more detailed procedural steps, and redundaneeniriiich are calls for a better
re-organization. Detailed steps are more apprapdatvee diagrams.

2. Linking words tended to be vague, trivial, inemtr or missing. However,
through social interactions and public communicatiof their ideas during
critiques, students’ maps became more consolidatetth, better hierarchical
organizations and interconnections, and relativedye conceptual.
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Figure 7. One of Heku'’s revised vee diagram

Revised vee diagrams were more integrated amglete in spite of the initial,
common problem of algorithmically stated “princigle

Students became adept in communicating matheatigtiwith each other,
facilitated by their mapped understanding visud#picted in the form of revised
concept maps and revised vee diagrams.

Maps/diagrams provided easy to use tools footi@ing meanings, justifying
solutions and clarifying points of confusions dgriritiques.

Students realized that there is a conceptuattsire to mathematics not usually
gueried (in this form anyway) in their traditiomabthematics experiences up to
this point.

Students enjoyed challenging and critiquing eattter’s work. They became
motivated to construct maps/diagrams that wouldimiize critical comments
from their peers and researcher.

Revised perceptions of what constitutes “mathiealaknowledge” began to
emerge as a result of constructing maps/diagrants pablicly communicating
their existing understandings of their selectedctop
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Figure 8. One of Salo’s vee diagram

Conclusions and recommendations

Conclusions that could be drawn from the work df tohort of 10 students may be
viewed through the meaningful-learning, socio-liisjo/social constructivistic and
student-centred perspectives.

From the Ausubel-Novak meaningful-learning perspectstudents’ progressive
concept maps and vee diagrams became more intéguate differentiated as they
sought out meaningful interconnections between emattiical concepts, general
formulas and mathematical methods as a consequefhcgroup presentations,
individual work, peer critique and one-on-one cdiative sessions. Over time,
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students eventually became aware of the importahselecting appropriate key and
relevant concept, appreciated the cognitive demandsem to think reflectively and
critically in organizing a concept hierarchy antkemelating them appropriately with
well-formulated succinct linking words to describgerrelationships. Furthermore,
they recognized that listed principles in vee diags should be those underlying the
main steps of a solution and that they should beeige theoretical statements, not
procedural instructions. As a consequence of tleiccprocess of presentifgcri-
tiquing® revising® presenting over the semester, students were medivat revise
and modify their maps/diagrams to minimize criticailmments.

From the sociological perspectives, the naturewaents’ concept maps and vee
diagrams were significantly affected by the re-aiéifin of socio-mathematical norms.
That is, there was a marked shift from simply prongdformula, procedural steps of
illustrative examples and entire paragraphs to isgelout more integrated and
differentiated conceptual interconnections in pesgive concept maps. Thirdly, the
construction of vee diagrams motivated studentgdwtinually seek out the most
relevant theoretical principles to justify methadsa normal part of solving problems
in addition to providing the solution. In so doirgjudents repeatedly reinforced for
themselves the connections that exist between tmeeptual and methodological
sides of a problem.

Secondly, through the socio-mathematical norms rekgnting, justifying and
critiquing, students necessarily had to reflect endeeply about the conceptual
structure of a topic and the theoretical bases ethous as individuals than they
normally did. Because of the need to communicaddr tlinderstanding competently
and effectively in a social setting, over time awith increased proficiency, students
became more parsimonious in their selection ofientin concept maps and more
astute in identifying relevant principles in veagliams to minimize critical comments
from the others.

From students’ perspectives, they realized thathemaétics has a conceptual
structure from which its formulas are derived ahdttsimply knowing how to use
formulas in solving problems is not sufficient tonstruct concept maps and vee
diagrams. By searching for missing components tkermaaps/diagrams more robust
and comprehensive, students eventually realizet ghain-depth understanding of
topics requires much more than a technical undedsig of how a formula is applied.
In particular, it requires an integrated undersitaqdof interconnections between
relevant principles, concepts and procedures. @hersemester, students eventually
appreciated the utility of maps/diagrams as meanglapicting the network of
conceptual interconnections within a topic and higtiing connections between
principles and procedural steps. However, attairtimg more conceptual under-
standing of mathematics was hard work and requinadh reflection and individual
research on their part. The findings suggest thtt more time and practice students
can become proficient and adept at constructingsidamrams whilst simultaneously
deepening and expanding their theoretical knowledfgeathematics.

Finally, using the metacognitive tools in the styzlpmoted a certain kind of
self-reflection and thinking which motivated stutkerio critically analyse their
perceptions of mathematics knowledge in general andouraged a deeper,
conceptual understanding of a topic in particuldre progressive quality of students’
maps/diagrams over the semester supports the dthaitrstudents’ ways of learning
mathematics are very much influenced by the expieagand beliefs of the teacher
and the prevailing social cultural practices thed anabled and supported in the
classroom.
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