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Abstract 
In this talk, I will argue that knowledge is constructed not by humans 
alone, but by humans with media, including orality, writing and 
information technologies. This notion has been developed over the last 
ten years by members of GPIMEM, a research group based at UNESP, 
Rio Claro, São Paulo, Brazil. Examples from this research will be 
presented to illustrate how knowledge is produced by different collec-
tives of humans-with-media. Interrelations between ethnomathematics 
and the use of technology will be established. Examples will involve 
graphing calculators, sensors and the internet, among other 
technologies. 

 
 
Introduction 
Computers have been a theme of intense discussion within the mathematics education 
community for more than two decades. If the notion of computers is extended to 
include other devices, such as calculators, it can be said that the debate has been going 
on for over thirty years. One might reasonably ask, then: Why another talk about 
computers? One response could be that technology has not been used intensively in 
education, despite the efforts of many in the mathematics education community, and 
the presence of an ever-increasing number of studies about computers, calculators, 
graphing calculators, and mathematics. 

Another possible answer is that technology has changed so much over the last 35 
years that constant updates are necessary. In Brazil, some researchers in the field of 
technology and mathematics education argue that the expression “new technology” 
(novas tecnologias) is no longer appropriate, since computers and calculators have 
been around long enough to no longer be considered new. On many occasions, I have 
twisted this issue around and argued that, since technology is changing so fast, we can 
always use the adjective “new”, especially if we concentrate on the notion of interface, 
seen as a means of relating to information and communication technology. Interfaces 
such as the video monitor, the keyboard and the mouse, which became popular in the 
80’s, are examples of how computer technology is renewed and transforms existing 
technology.  Similarly, we can point to how flash technology and sensors, such as 

                                                 
1 This paper is a result of research projects financed by CNPq ( Grants 520033/95-7, 
471697/2003), a funding agency of the Brazilian Government,  and  Fapesp (Grants 
2002/07290-0,  2003/03750-9), a funding agency of the State of São Paulo, Brazil. Part of these 
results are to be published in a book entitled Humans-with-media and Reorganization of 
Mathematical Thinking: information and communication  technologies, modeling, visualization 
and  experimentation, by Marcelo C. Borba and Mónica Villarreal. 
(http://www.rc.unesp.br/igce/pgem/gpimem.html)  
2 I would like to thank Mónica Villarreal, Universidad de Córdoba, Argentina, and Anne Kepple 
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CBR3 and CBL,4 began changing graphing calculators in the 90’s; how newer versions 
of operational systems, such as Windows, became almost as user-friendly as the 
systems used for Macintosh since the 80’s, making it possible for the user to by-pass 
the old-fashioned DOS system; also the internet has changed computers, and Java and 
the world wide web (www) have changed the possibilities of the internet. More 
recently, the availability of sensors has dramatically extended the uses of the graphing 
calculator, too, transforming this tool into much more than a “pocket computer with a 
small screen”. All of these changes have substantially transformed the way 
information technology can be used in education. In this sense, it seems worthwhile to 
examine how, in recent years, interfaces have changed the possible ways for one to 
learn. 

Many authors, including members of our research group, GPIMEM5, have argued 
about the importance of coordinating multiple representations, now made possible 
with software that makes written, algebraic, tabular and graphical representations 
available. As technology has changed, and body awareness can also be coordinated 
with standard representations in a more direct way, it has become possible to expand 
the notion of multiple representations. It can even be argued that the need exists to 
coordinate representations of the same type, for example graphs produced by different 
media, such as computers and paper-and-pencil on the one hand, and body awareness 
of motion on the other. These different types of coordination have become part of 
knowing, and the epistemological issues that arise when different technologies are 
associated with human beings warrant examination.  

In spite of the “free will” of teachers and administrators, regardless of whether 
they do or do not want to use technology, it has been hard to avoid using it due to 
social pressure from “actors” such as politicians and business and school 
administrators.  Such forces may use arguments like “we must use computers because 
the labor force needs to be prepared for jobs in the future”. In using computers not out 
of a conviction that they can be beneficial, but because it has been mandated, teachers 
may attempt to use them as little as possible, and when they do, make the minimum 
changes necessary in the structure of the curriculum and practices embedded in it.  
From this perspective, new technology could be seen as something that should not 
alter the status quo in school, nor “touch” the way “knowledge is transmitted in 
school”. In this way, new technology becomes “domesticated”. Computers may be 
used as if they were electronic books, and graphing calculators as just a way of 
drawing graphs quickly.  I believe that this domestication of new technology can be 
avoided by making the theoretical underpinnings explicit; for example, by pointing out 
that it is not only the teaching approach that is transformed, but the object of learning 
as well. 

I propose a view based on Lévy (1993, 1998) to overcome the dichotomy 
between humans and technology that underlies many of the difficulties that we, as a 
community of mathematics educators, have experienced in implementing the use of 
technology in schools in ways that are not domesticated. I suggest, then, based on 
Tikhomirov (1981), that computers do not substitute humans, but rather that, thinking 
is reorganized when qualitative media like computers are introduced.  
                                                 
3 CBR - Calculator Based Ranger - is a sonic movement detector that measures distances, 
velocity and acceleration. 
4 CBL is an interface that makes it possible for data, such as light intensity, temperature and 
electric tension, to be stored and transferred to the graphing and tabling facilities of a graphing 
calculator. 
5 Technology, other media and Mathematics Education Research Group. In Portuguese, Grupo 
de Pesquisa em Informática Outras Mídias e Educação Matemática. 
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In addition to developing a theoretical discussion about the relationship between 
humans and computers, and what I call reorganization of thinking, I present several 
examples from research developed inside and outside the classroom. Examples help to 
shed light on the theoretical discussion. Local experience often has the power to 
become convincingly acceptable for different contexts. As examples shed light on the 
theory, many may find reason to disagree with the ideas presented in this talk, and 
therefore to help keep the debate alive in our field. Examples may, in many instances, 
be the bridge between those who like theoretical discussion and those who do not. 
After presenting examples, I will return to the theoretical discussion presented and 
introduce some new features into the debate. 
 
 
Reorganization of thinking and humans-with-media 
I begin this epistemological discussion by analyzing a paper by Tikhomirov (1981), a 
Russian (Soviet) psychologist, in which he discusses how computers affect human 
cognition and, consequently, how computers can change education. Although the 
original version of the paper dates from the 70's, his argument seems to be relevant 
today. Tikhomirov argues that seeing computers as a substitute for humans is a short-
sighted view. He claims that, although the output offered by a computer can 
sometimes be the same as that offered by humans, this does not mean that the program 
of the computer can be placed on the same level as human thinking, since the problem-
solving skills are different. As a result of his research, he claims that  

 
“[a] large part of the control mechanisms of search in humans in general 
are not represented in existing heuristics programs for computers. When 
computer heuristics do resemble human ones, they are significantly 
simpler and are not comparable in any essential way.” (p. 259)   
 

He points out that one of these essential ways is that the process of directing a search 
for human beings is very different from the one used by computers. An issue that is 
not addressed by Tikhomirov is that his argument that computers will never substitute 
humans could be understood as being associated with the popular debate about 
computers taking jobs away from workers. It should be noticed, however, that the fact 
that machines replaced farm workers, and computers and robotics are replacing 
workers at various levels, does not mean that this kind of 'substitution' is equivalent to 
the substitution that Tikhomirov is referring to. 

In discarding this notion of computers as a substitute for humans, Tikhomirov 
sets the stage to criticize another notion:  that the computer is simply a supplement to 
humans. He discounts this notion by criticizing the information processing theory of 
thought, which he claims is based on the premise that “complex processes of thought 
consist of elementary processes of symbol manipulation” (p. 260). If such an approach 
to thinking is adopted, the computer can be seen as simply increasing, or 
supplementing, the amount of information processed by humans - a view which 
presupposes only a quantitative, and not a qualitative, view of how computers 
influence human activity. 
 
Moreover, reducing thinking to this view hides the fact that thinking also includes the 
goal one has in mind, the choice of the problem to be tackled, and changes in the 
problem during a process of investigation. Moreover, if one adopts the paradigm of 
information processing theory, one fails to consider that context not only frames an 
activity, but also structures it, as suggested by Lave (1988). Needless to say, values 
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and politics are excluded from such a view, and are understood as having no influence 
on thinking. 

Conversely, if one admits that values, politics and contexts “shape” human 
thinking, it would be impossible to conceive of computers as mere supplements to 
mental activity, in the sense discussed above, as this would imply that thinking can be 
broken into pieces. 

The alternative that Tikhomirov (1981) presents to the theories of substitution and 
supplementation is that computers reorganize the ways humans know. Based on a 
Vygotskian perspective, he claims that the computer plays a mediating role similar to 
the one played by language in Vygotskian theory: 

 
“We shall compare the process of regulating human activity through 
normal verbal commands with the process when aided by a computer. 
The similarity here is obvious, but there is an important difference: 
possibilities for immediate feedback are much greater on the second 
case. In addition, the computer can appraise and provide information 
about intermediate results of human activity that would not be perceived 
by an outside observer (...) Thus, with regard to the problem of 
regulation we can say that not only is the computer a new means of 
mediation of human activity but the very reorganization of this activity 
is different from that found under conditions in which the means 
described by Vygostsky are used” (p. 272-273).  

  
The above quotation suggests that Tikhomirov bases his theory of reorganization on 
Vygotsky’s notion of regulation by language and on the argument that regulation 
provided by computer technology is qualitatively different when compared to that 
provided by language. If one considers that computers in Tikhomirov’s time had 
interfaces that were less user-friendly than the ones in use today, and that feedback 
was not as fast, one can think that the change in quality he discussed was undergoing 
quantitative transformations, as well, and that maybe new qualitative changes have 
already taken place, considering the type of feedback that has become possible as 
robotics, sounds and other kinds of interfaces have transformed computers.  

Visualization has been the main change in computer interfaces since monitors 
were introduced as an essential part of computers. These changes have made 
computers accessible to a larger audience, and also affected this feedback. In a way the 
kind of reorganization Tikhomirov described is taking place in a more dramatic way as 
a result of changes introduced by new computer interfaces.  

Lévy (1993) extends the notion of human-computer systems. Writing almost two 
decades after Tikhomirov, he attributes the power of computers to new interfaces, 
breaking away from a view of technics that separates humans from technology – a 
view that, definitions found in some philosophy dictionaries, could not have predicted 
at the time. It can be said, then, (e.g. Lalande, 1996; Japiassú & Marcondes, 1996) that 
in creating such a separation, political dimensions of technology may become 
obscured, because democracy - commonly seen as a human endeavor - and technology 
may be perceived as disjoint sets. Moreover, as I will try to argue, such a separation 
can lead to a view that knowledge is produced solely by humans, and can be translated 
into another medium without being affected.  

Technology is still perceived in some educational sectors, in different parts of the 
world, as a threat to humanity. In this view, computers may de-humanize humans, may 
take over society, and may prevent students from learning what they should. Even 
some who accept the use of computers in education may argue, for instance, that they 
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can be used as long as they do not change what was being taught previously. In other 
words, there seems to be an ideology that places human beings in opposition to 
computers, and that issues calls “to protect humans from the attack of machines”. But 
as Lévy (1993) argues, the effect of such ideas may very well be the opposite: humans 
may be disempowered by such a notion, since they feel impotent in the face of 
technology, and may think that there is no chance of achieving any kind of democracy 
within this new “technological order”.  

Lévy (1993) argues that people who claim that new technologies are dangerous to 
humans are not aware that the medium they are using to express such ideas - either 
orality or writing - is also a medium which structures their practice6. In other words, 
writing has become invisible to social agents, who cannot see the intershaping 
relationship (Borba, 1993) between them and an “inoffensive medium” such as orality 
or writing. As they are not able to account for that influence, they believe that 
cognition developed independently of media. 

Lévy (1993) emphasizes that media have always been intertwined with the 
history of humanity. He uses the notion of technologies of intelligence to characterize 
three main technics that are associated with memory and knowledge: orality, writing, 
and information technology. In this sense, orality was used to extend our memory. 
Myths were a way developed by societies to store important parts of their cultures. 
The diffusion of written texts that began in Europe at the end of the 15th Century with 
the appearance of the printed book, in a format similar to the one we have today, made 
it possible for memory to be extended in a qualitatively different way than it had been 
with orality, another technology of intelligence. Thus, writing emphasizes linear 
reasoning and allows thinking to be shown in a linear fashion. The logical sequences 
and the narratives, although already in existence before the popularization of writing, 
only gain importance with the change in technology that increases accessibility to 
books, paper, pens, and associated tools. 

Information technology should be understood in the same way.  It is a new 
extension of memory, with qualitative differences in relation to other technologies of 
intelligence, which makes it possible for linear reasoning to be challenged by other 
ways of thinking, based on simulation, experimentation, and a “new language” that 
involves writing, orality, images, and instantaneous communication. In this context, 
the metaphor of linearity is increasingly substituted by the discontinuity that 
characterizes the use of the internet. For example, every time someone accesses a 
given home-page using a “link”, or uses more traditional software dealing with 
geometry or functions, accessed through the menu, we are experiencing discontinuity. 
This challenge is also faced by those who are investigating this “new language” that 
results from the almost daily appearance of new interfaces in information technology 
media. 

These brief considerations regarding the history of media make it apparent that 
the dichotomy between technology and humans is not based on a historical perspective 
like the one presented above.  The perspective I embrace suggests that humans are 
constituted by technologies that transform and modify their reasoning. At the same 
time, these humans are constantly transforming these technologies. From this 
perspective, a dichotomous view does not make sense. Moreover, I believe that know-
                                                 
6 Lévy uses a notion of structuring in a very similar way that Lave (1988) did. In analyzing both 
authors one may suspect that the common root of their work is Bruno Latour's writings. Latour's 
work (1987) also seems to be the basis for the notion of cognitive ecology that is proposed by 
Lévy in many of his books. These three authors have a common reference to the work of the 
English anthropologist Jack Goody, especially his book The domestication of the savage mind 
(Goody, 1977).  
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ledge is always produced together with a given medium or technology of intelligence. 
It is for this reason that I adopt a theoretical perspective that supports the notion that 
knowledge is produced by a collective composed of humans-with-media, or humans-
with-technologies, and not, as other theories suggest, by individual humans alone, or 
collectives composed only of humans. 

In this sense, I believe that humans-with-media, or humans-with-technologies, are 
metaphors that can lead to insights regarding how the production of knowledge itself 
takes place, in the same way that the human being is also a metaphor for the 
epistemological subject that is so deeply anchored that it assumed, by many, to be 
natural. But why a new metaphor? Will it become just another name? I believe that the 
answers to these questions lie in the reader. In my opinion, this metaphor synthesizes a 
view of cognition and of the history of technology that makes it possible to analyze the 
participation of new information technology “actors” in these thinking collectives7 in a 
way that I do not judge whether there is “improvement” or not, but rather identify 
transformations in practice. In other words, this notion is appropriate for showing how 
thinking is reorganized with the presence of information technologies, and what types 
of problems are generated by collectives that include humans and media such as 
paper-and-pencil, or various information technologies.   

Media are undergoing constant change, as increasingly user-friendly interfaces 
are created within collectives of humans-with-media. To illustrate this assertion, I 
return to Lévy (1993) once more. He presents an example related to the history of 
books. The predecessor to the book was the scroll, which, in addition to its 
inconvenient format, was also full of notes and comments that made it difficult to 
manipulate. As books, which first appeared in the 15th century, began assuming the 
form they have today, the path was opened up for their popularization – a path that 
was completed when characters were invented to occupy less space in books, 
decreasing their cost. According to Lévy, printing thus became a springboard for the 
“explosion” of science that took place later on. 

A similar point can be made regarding the history of computers: interfaces and 
cost were key factors in the role that computer technology plays today. Another 
comparison that can be useful for our discussion can be drawn between newspapers 
and computers.  Different media extend our memory in different ways, and reorganize 
it in distinct manners. When one has a text, or several texts, in a word processor, e-
mail manager, or internet browser, one has the freedom to navigate from one text to 
another, make changes and so on. On the other hand, the user is constrained by the 
size of the screen, in that he/she can only see a small piece of the text, and is also 
unable to actually touch the text or manipulate it in the traditional sense. In contrast, 
one can touch and hold a newspaper, and can get an overview from skimming the first 
page, or the headlines of all the other pages. 

What is important to note in both examples is that the change of interfaces of 
books or of the computer medium changes the way one has access to information 
provided by others, and can decide whether more or less people will have a chance to 
access such information. Moreover, technical development generated by humans is the 
key to such changes, which may lead to a more human view of technology. In this 
respect, technology and humans constitute a unit, and if they are viewed separately, it 
can lead to problematic views with respect to education.  For instance, many who 
favor the use of computers in education try to protect academic mathematical 
knowledge from any kind of change. In such a view, mathematical knowledge is 

                                                 
7 Thinking collective is a term used by Lévy to emphasize that knowledge is produced by 
collectives composed of human and non-human actors.  



 

 

7 

 

 

independent of the medium, and the job of the educator is to try to use the computer in 
a way that does not affect mathematics. I believe that this leads to the domestication of 
this new medium, and efforts to reproduce practices and styles from other media. I 
claim that a new technology of intelligence results in a new collective that produces 
new knowledge which is qualitatively different from the knowledge produced by other 
collectives.  

Once writing was introduced, orality was also transformed. As memory was 
extended to paper, it was possible for theories to be born. In the case of mathematics, 
the opportunity emerged for long demonstrations to be developed and stored. It is 
relevant to note that writing did not abolish orality. On the contrary, it created what 
Lévy (1993) labeled secondary orality, which would be orality related to reading what 
has been written. In the same way, as will be argued later on in this paper, the 
computer created new forms of writing and of orality. 
 
The connection between humans and technologies of intelligence is stronger than one 
might imagine, and Kerckhove (1997) proposes that the connection between body and 
technology is closer still. He sees the alphabet as a technology that shapes the 
development of our brain, and claims that users of the Roman alphabet read from left 
to right due to cultural factors and to the way our vision functions. For instance, he 
invites us to look at the two rectangles below and answer the question: Which of the 
dotted lines in the rectangles below goes down and which goes up? 
 

 
   Figure 1. Rectangles and alphabet 

 
Most of us who use the Roman alphabet, and read from left to right, will say that the 
line in the rectangle on the right is going down and the one on the left is going up. 
Kerckhove developed extensive research in neuroscience and psychology, proposing 
that those of us who are impregnated with the alphabet see the world in different ways. 
As we learn to sequence letters and sounds, we do this with all other things, as well, 
including the way we see space. For this author, there is nothing natural about the 
notion of perspective, and he asserted that it was invented to order space with the 
larger figures being seen first. He joins neuroscience and history of writing to claim 
that all the “writing systems that represent sound are written horizontally, but all those 
that represent images, such as the Chinese ideograms or the Egyptian hieroglyphs, are 
vertically written” (Kerckhove, 1997, p. 60). The author claims that the connection 
between mind, body and technology is much closer than had been believed. For the 
purpose of this paper, it is important that alphabets, speech, images and the new type 
of “language” provided by computer interfaces are not strictly external to us; they are 
also internal, a part of us. Conversely, humans are present in and impregnate these 
technologies of intelligence. 

The idea of a socio-technical network may be used, as proposed by Lévy (1993), 
as a metaphor to understand the relationship between humans and machines. This 
network can be seen as a hypertext in which changes developed by humans in the way 
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they use a technology, and changes in technology, provoke changes in the way 
collectives of humans-with-media understand the world.  

In such an approach, technology, medium and interface play a key role. An 
interface can change a medium in such a way that it generates a completely new 
medium.  For example, consider computers in the 70's with their cards, lack of 
monitors, large size and generation of heat. The way we communicated with those 
computers was very different from the way we eventually communicated with the 
Macintosh computer, which brought us the monitor, mouse and different icons, and 
later with PC’s. In other words, the change of interface dramatically altered the 
medium, the way humans related to it, and the nature of human-computer systems as 
the unit that produces knowledge. These systems undergo dramatic changes when a 
new “peripheral piece” is brought into it. This was the case of the laser printer, the 
scanner and the automatic translators and the www interface.   

If technology is understood in the way discussed here, it can be the basis not only 
for educational practice, but also for an epistemology that stresses the role of media. 
Knowing in this sense becomes, therefore, an endeavor not only of humans, but of a 
collective of humans and things. Particular attention is paid to humans and to the 
technologies of intelligence due to the evident role they play in our ways of knowing.  

Lévy (1998) builds on this notion to present a democratic perspective of 
knowledge that is called “collective intelligence”. Thinking collectives and collective 
intelligence are connected. Our individual consciousness and cognitive processes are 
always subject to interaction with the technologies of intelligence. That is why I 
support the notion that humans-with-media (or humans-with-technology or humans-
with-technology-of-intelligence) should be the basic unit of knowledge. This 
collective, formed of humans and non-humans, produces meaning as it connects 
different nodes of a network; a network of meaning is the metaphor for how this 
collective of humans-with-media produces knowledge. But I can also think of 
intelligence that is collective. In such a view, one intelligence does not compete with 
another. They collaborate! Different combinations of humans with media, located in 
different parts of the world, become powerful in some domain that becomes part of 
this collective intelligence. The ideas of the carpenter and of the mathematician 
complement each other. An intelligence like this is thought of as being a complex 
network. The internet is a good model for it, and at the same time, it makes it possible 
for us to take advantage of collaboration on a larger scale. 

 
 

Research in action 
In GPIMEM, we use various research procedures and views of knowledge that are 
integrated. We can therefore say that we develop different research methodologies for 
different kinds of research, although all of them would fit within the so-called 
qualitative research paradigm. We develop teaching experiments as a means of 
documenting closely the way students, teachers and even workers deal with 
technology as they learn mathematics. Besides being a source for epistemological 
debate, the analysis of the data that come from these experiments has enabled us, as a 
group, to develop curricula as we listen closely to students. Such experiments are 
integrated with studies developed in the classroom and in other landscapes where other 
educational agents are present. We do develop extension work, which has also become 
a setting for research. A major struggle of GPIMEM has been to articulate basic 
research, both in the lab and in the classroom, with implementation and research that 
has faster application. In this paper, I will present examples both from research 
developed in the lab and in the classroom. In the classroom, the data come from 
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students’ written work and videotapes of students’ presentations. There is also data 
from a distance education course, in which the data is generated automatically by the 
recording of the interactions that take place in environments such as chats, forums, and 
e-mail. Finally, there are teaching experiments (Steffe & Thompson, 2000) in which a 
close look is taken at students’ action in a laboratory which inspire action for the 
mathematics classroom.  

GPIMEM has benefitted from two main influences. The first is the work 
developed by Jere Confrey, and her group at Cornell University in the 80’s and early 
90’s, on the influence of computers in mathematics education and the notion of 
multiple representtations. The second is work developed previously by the author of 
this paper in ethnomathematics in a slum neighbourhood in Brazil.  

One thing that interested me about working with computers is how mathematics 
can be transformed by a new medium, as just discussed. This helped me to see how 
much of what has been labeled ethnomathematics (street kids’ mathematics, 
mathematics of the plumber, etc.) could be seen as mathematics developed by 
collectives of humans-with-orality-utensils. Most of the praise and criticism of 
ethnomathematics (Powell and Frankenstein, 1997) refer to examples of 
ethnomathematics that are embedded in socio-cultural environment in which orality 
plays a paramount role. For some critics of ethnomathematics, there is an underlying 
argument that this kind of mathematics is not “well written”. Proponents of 
ethnomathematics commonly praise its critical attention to the social context, but tend 
to overlook the media in which the knowledge produced is embedded. I believe that 
the notion of humans-with-media can facilitate diversity in mathematics education, if 
one subscribes to the belief that mathematics is in constant change, and that orality is a 
valid medium, in the same way that information and communication technology is.  

A similar argument can be made regarding the importance of demonstration in 
academic mathematics. It is very hard to think of most demonstrations in mathematics 
without writing. The widespread availability of paper has changed the nature of 
mathematics, supporting long proofs and explanations that include drawing, as well. It 
is also believed that, in contrast to orality, once mathematics is “fixed” on paper, it can 
be checked by others in different times and places.  

Information and communication technology has also changed the nature of 
mathematics produced in educational contexts. In what follows, I present some 
examples of changes that may be taking place as information and communication 
technology join collectives of human-with-media 
 
 
Simple tasks and complex mathematics. 
The following episode comes from an 1998 applied mathematics course for first year 
biology majors at the State University of São Paulo (Rio Claro - Brazil) taught by the 
author of this paper. The students were working with graphing calculators, and the 
task assigned was to investigate what happens to the graphs of the quadratic functions                
y = ax2 + bx + c  when the parameters a, b and c vary. Students were free to take 
different paths in their investigations, which they did. After the students worked on 
this task, the professor led a discussion to systematize the students’ findings. One of 
the groups came up with an original conjecture that was stated by Renata in the 
following way: 

 
“When b is greater than zero, the increasing part of the parabola will 
cross the y-axis . . . When b is less than zero, the decreasing part of the 
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parabola will cross the y-axis. [The student gestured in the air with her 
hand to illustrate].” 

 
This statement caused an intense discussion in the classroom. Neither the teacher nor 
the other students had thought about b before in this sense, and no one was sure 
whether the conjecture was true or not. After a lengthy analysis, they concluded that 
the conjecture was true. A summary of the path the discussion took can be understood 
if we analyze each of four possible combinations of the signs of a and b in the vertex 
formula xv = -b/(2a). We can see that, considering the position of the parabola’s vertex 
on the coordinate plane, and the concavity of the curve, we can confirm the conjecture. 
For example, if a>0 and b>0, then xv<0 and since the parabola is convex because 
a>0. We can have any of the graphs in Figure 2, which show that all “b>0 parabolas” 
cut the y-axis with its “increasing part”. Analogous reasoning may be made with the 
other cases to see the validity of the conjecture made by Renata and her group. 
 
 

 
A)  a>0, b>0 

 
B) a<0, b<0 

 
C) a>0, b<0 

 
D) a<0, b>0 

 

Figure 2. The four possible combinations of the signs of a and b 

 
I used the word “see” when I talked about the validity of the conjecture because it can 
be demonstrated through a “visual proof”. Some weeks later, another way to prove the 
conjecture arose, when the students were studying the concept of derivative associated 
with the intervals where a function is increasing or decreasing, points of maximum or 
minimum, etc. This time the teacher presented the following proof: the derivative of y 
= ax2 + bx + c is y’= 2ax + b, and when x = 0, y´= b, which means the function is 
increasing at x = 0  if  b>0, or in Renata´s words, “the increasing part of the parabola 
will cross the y-axis when b is greater than zero”. For b<0, the teacher gave an 
analogous proof.   

In this example, the calculator was used to plot numerous graphs, which inspired 
the students to formulate an initial visual conjecture. In the debate with the whole 
class, there were some attempts to make visual arguments to support the conjecture. 
Some weeks later, the teacher provided a new justification (using mathematics he had 
just taught) that reinforced the validity of the initial conjecture.  

The parabola activity provoked the emergence of an original conjecture that 
provides, for example, a new way to decide the sign of “b”  from looking at the graph 
of the parabola, or more information to sketch the graph of a parabola knowing the 
sign of “b” . One may think about the value of Renata’s conjecture from a 
mathematical point of view, but this is not a central point; what is really important for 
the purposes of this paper is to show how different media, in this case, the graphing 
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calculator, transform knowledge production.  This collective of students-with-
graphing-calculators was able to generate conjectures and work with graphs easily and 
comfortably. The presence of the graphing calculator qualitatively changed the 
activities they were engaged in. As the reader will see in the following example, even 
changing one interface associated with the graphing calculator can change the nature 
of the way of knowing. 

 
 

Sensors: interface between body and official representations of mathematics 
This example comes from the research conducted by Scheffer (2001, 2002) and Borba 
and Scheffer (2003, 2004), who analyzed the mathematical activities performed by 8th 
grade students using CBR (Calculator Based Range)8, a motion detector (sensor) 
linked to a graphing calculator that provides graphs of distance ́  time while 
movements are executed (see Figure 3). For instance, a student walking towards a wall 
at a constant speed, with the sensor pointing at it, would generate a decreasing linear 
function, since the distance between the sensor and the wall decreases as (real) time 
passes. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 3.  On the left, a graphing calculator with a CBR. On the right,the calculator 
screen showing a graph generated with the data collected by CBR. 

 
A teaching experiment was conducted with Rafael (R), a 15-year-old boy, and Queila 
(Q), a 14-year-old girl, both of whom had been introduced to the calculators 
previously in their classroom. The students, in a research lab environment,  were asked 
to make any movement they wanted to with the sensor, and then guess what graph 
(distance ́  time) the calculator would present as they moved the CBR together with 
their own body. The main goal of this open-ended problem was to connect a “free” 
body movement, performed by one of the students, to the Cartesian graphs generated 
by the motion detector on the graphing calculator screen. Rafael took the lead with the 
CBR. He held it close to his body and walked towards the wall with the CBR pointed 
at the wall. As he approached to the wall, he stopped briefly and walked backwards 
with the CBR still pointed towards the wall. Rafael drew a graph like the one below 
(Figure 4)  
 
 

                                                 
8 This equipment was developed by Texas Instruments (www.ti.com). We thank T.I. for the 
support provided for this part of the research of GPIMEM. 
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Figure 4. Rafael’s graph 
 
 
As seen in Figure 4, Rafael drew a V-shaped graph touching the x-axis. The researcher 
(Ni)9 presented another probe and brought Queila into the debate: 
 

Ni:  Did it touch the wall? 
R:  Right, almost, it seems like I got really close, no, 

and then I did... like this, I think. [referring to the 
graph on the blackboard] 

Ni:  Uh-huh.  Do you agree with that? [talking to 
Queila] 

Q:  Well, according to what he said, I agree. 
Ni:  Hmm. So, you got close-  you started far away, 

moved closer, and then got there and came back. 
R:  Yeh, I came back to the place I had started out 

from. 
Q:  I would only mark a pause there, right? . . 

because he stopped there. 
Ni:  Ahhh!  It's missing a pause!  Go to the board and 

draw it like you think it would be with a pause ... 
[inaudible] Do it with another color; get the 
orange chalk. 

Q:  So how should I do it now? 
Ni:  Do it on top of the same graph. 

 
The researcher suggested that she sketched the new graph in the same Cartesian frame 
of the first graph, so Queila drew a line corresponding to the dotted line in Figure 5. 
 

                                                 
9 We use this abbreviation for the researcher to avoid confusion with our references to Rafael 
(R). The interviews were conducted by Nilce Scheffer. 
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Figure 5.  The dotted line corresponds to Queila’s graph. 
 
The dotted line Queila drew seemed to solve the problem in a way that pleased all 
three participants, representing Rafael’s brief stop with a line parallel to the x-axis. 
The researcher then showed them the graph generated by the calculator as Rafael 
walked back and forth towards the wall (Figure 6). 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 6.  The graph on the calculator screen. 
 

Ni:  So, the graph on the calculator came out like this 
[showing them the calculator]. 

R:  It came out really different from the one on the 
board. 

Q:  It didn’t come out so different. 
R:  No, hers came out the same. 
Ni:  But you understood the idea, didn’t you, Rafael?  

Because you made, ah . . you moved closer and 
then moved away. 

Q:  He moved, right? 
Ni:  Uh-hmm. 
Q:  So, there was the movement he made, that he 

moved closer, right? 
Ni:  Right. 
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Q:  He got there and stopped. Then I think it should 
have this pause, because afterwards he came 
back, right? 

Ni:  Hmmm. 
Q:  He was moving away. Then he got there, moved 

closer, there was a pause, when there was a line, 
and he went back.  He moved away, right?  I 
think it would turn out like this. 

 
Rafael was surprised by the fact that the graph drawn by the calculator was more 
similar to Queila’s than to his own, and at that moment he realized the qualitative 
difference between both graphs drawn on the blackboard. It is important to note that, 
even though the graph of distance ´  time of the movement appeared simultaneously on 
the graphing calculator screen as it was performed, the researcher decided to show it to 
the students only after they had made their guesses regarding the graph to stimulate the 
discussion. The interviewer and the students analyzed the graph on the calculator 
screen and compared it with the graphs on the blackboard. The interviewer called their 
attention to the first constant piece of the graph, pointing out that the CBR was 
functioning before Rafael started moving. Then she reproduced the graph created by 
the calculator on the blackboard, and Queila drew arrows 1, 2 and 3 (see Figure 7) to 
indicate the parts where Rafael had moved toward the wall, stopped, and moved away, 
respectively.  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 7.  The graph made by the interviewer and the arrows drawn by Queila. 
 
This episode, which ended here because there were no more discrepancies between the 
chalk-and-blackboard and the graphing calculator representations, illustrates a 
particular way of coordinating representations, a discussion initially carried on by 
authors such as Confrey (1991) and Confrey & Smith (1994). Students first had to 
come to an agreement, with the help of the interviewer, regarding which graph, drawn 
on the blackboard, would best represent the movement Rafael performed. Secondly, 
they had to coordinate the experience of the body movement with the graph drawn on 
the board and the one generated by the calculator as Rafael walked. The episode 
emphasizes how body movement was coordinated with established mathematical 
representations. It should be noted that the point where he paused was a point of 
difficulty in terms of Cartesian graphical representation. This may be due to the fact 
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that, at this point, there was a greater discrepancy between the body movement and the 
Cartesian graph. The student experienced the pause physically as a lack of movement; 
he stopped moving.  But at the same time, he could see that the line on the Cartesian 
graph did not “pause” when he did. Coordinating the physical experience of being 
stopped with the dynamic, continuous line on the Cartesian graph that appears on the 
calculator screen is not a trivial task. 

Much of the research that has been developed regarding mathematical 
representations, and the coordination of multiple representations specifically, usually 
refers to numerical, algebraic and graphical representations. The discussion about 
multiple representations acquires a new dimension when representations are associated 
with the media that produce them (oral, written or computational media), or when 
body awareness is taken into consideration. This perspective brings up the need for 
inter-media coordination, and broadens the possibilities of visualization.  

In addition to the coordination of representations produced by different media, 
there are two more aspects of the episode with Queila and Rafael that should be noted.  
The first is that the episode serves to inform the discussion regarding the dichotomy 
between visualization as an internal, mental process and visualization as an external 
process using some medium.  When the student performed the movement together 
with the CBR, it became “part of his body”; it became one with him - not just because 
he was holding the CBR at one point, but also because, once the student used the 
interface, he incorporated that experience and reflected on it. From this perspective, an 
internal/external dichotomy makes no sense, and it becomes clear that we are dealing 
with a collective formed of the student and the CBR. Secondly, the episode presents a 
visual approach to the introduction of functions that bypasses algebra, at first, showing 
that the generation of functions does not depend on the pre-existence of an algebraic 
expression. The generation of piecewise-defined functions emerges more naturally 
when one looks at the graph produced by the graphing calculator, and the discussion 
regarding how to generate an algebraic expression for the graph follows naturally, as 
well. 
 
 
Dialogue, “Multialogue” and “Virtual Mathematics” 
In the same way as we have seen how graphing calculators are transformed as 
interfaces like CBR are connected to them, I want to emphasize, in this paper, the 
dramatic change that computers and education are experiencing with the connection of 
new interfaces like the internet, and the www. The internet can be thought as a 
physical interface, if one considers the cables that connect different computers and 
servers. If one thinks of “bitnet” as an old interface of communication, one can 
understand how communication expands its possibilities with user-friendly software 
like the www. The internet, understood from now on as all the physical and virtual 
devices that have allowed much of the world “to be connected” since the mid- 90’s, 
i.e. less than ten years ago, has changed activities in all different kinds of fields. This 
is also true in education, where the internet is changing education in such a way that 
one is already often forced to characterize it using expressions such as “face-to-face 
education” (in Portuguese, the literal translation would be presential education) and 
distance education. 

Nonetheless, it seems that this change has not arrived with the necessary force in 
the mathematics education community. A look at the proceedings of the 2003 meeting 
of the International Group for the Psychology of Mathematics Education (Pateman, 
N.; Dougherty, B. and Zilliox, J. (Eds.), 2003) shows that very few papers dealt with 
distance education or effects of the internet. Although there are exceptions, this 
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suggests that the internet has been used more by the mathematics education research 
community as a means to organize congresses, do bibliographical research, share 
information, or carry on discussions through e-mail lists, than as a subject of research. 
Does this mean that there is very little internet in mathematics education these days? I 
cannot answer this question yet, but, in Brazil, due to its size and a system that fails to 
provide enough certified teachers for basic education, and lacks room in the 
universities for students, distance education (with heavy use of the internet) has been a 
topic of heated debate. This debate has tended to place face-to-face education in 
opposition to distance education. 

In the education community at large, positions have emerged that oppose the 
hastiness and superficiality of the distance courses compared to the face-to-face 
courses. The distance courses, it has been argued, are being developed only to hasten 
teacher education, and are a direct reflection of the policies of the World Bank. These 
were the arguments voiced in a debate throughout the state of São Paulo, during the 
years 2000 to 2002, regarding a one-and-a-half year course designed to grant college 
diplomas in pedagogy to elementary school teachers of the state public school system 
who had only high school diplomas. It was offered by important institutions in the 
field of education and research, but met with strong resistance from the faculty of the 
institutions involved, as well as others who were invited to participate in the project. 
The course was based on video-conferences featuring lectures that were transmitted to 
different groups in different locations. The teacher-students were allowed to propose 
activities, and it was possible for them to ask questions. In each tele-class, where the 
teacher-students were located, teaching assistants were present to coordinate the 
activities. During holidays and on weekends, face-to-face activities took place. For 
proponents of the course, it was neither hasty nor superficial, and represented the only 
way for public school teachers who did not have a college diploma in pedagogy to 
earn one. 

This brief description of a state-wide continuing education program for teachers 
serves to set the stage for raising the possibility that framing the debate in terms of 
face-to-face education vs. distance education may be inadequate. For example, the 
opportunity that these teacher-students had to hear lectures by, and interact with, 
professors who are well-known in the field of education, more-or-less directly via 
video-conference, is something that most students of pedagogy enrolled in face-to-face 
courses do not have. On the other hand, it can be said that one professor, giving a 
lecture to four classes of forty students each, will not be able to accommodate as many 
questions as would be possible in a face-to-face classroom of fifty students. 

Nevertheless, it is an undeniable fact that the pedagogical debate persists. How 
did the professors and teaching assistants conduct the course? Did they use the 
established traditional educational approach, e.g. starting with theory and progressing 
to examples and exercises, in the case of mathematics, or did they employ alternative 
approaches that have characterized trends in mathematics education presented in this 
paper? The fact of being face-to-face or at a distance does not invalidate this 
discussion. Similar arguments can be cited that suggest that placing distance education 
in opposition to face-to-face education polarizes the debate inappropriately. A better 
question to ask is whether or not there are pedagogical approaches that are more 
appropriate for the www than others. 

I subscribe to the notion that, just as a medium is neither good nor bad, face-to-
face and distance education are neither good nor bad, either. I propose that research is 
needed to break this dichotomy, which currently defines the debate for many in Brazil. 
For this reason and others, members of GPIMEM began doing research in the area of 
distance mathematics education in 1999. Our first step was to become familiar with 
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the possibilities offered (very few at the time in Brazil) and study the limited literature 
on the subject. For financial reasons, our team discarded the possibility of using 
expensive environments for distance education developed abroad. We searched for 
free software and, only at the end of 2002, found a free environment, developed with 
public grants in Brazil, with the aim of promoting distance education: TelEduc10. Prior 
to that discovery, however, we started offering a distance course, in 2000, for 
mathematics teachers as part of university extension work and also as a “field of 
research” for the members of the group involved with this type of research11. During 
the early versions of the course, we used free chats and the infrastructure of UNESP to 
create an e-mail list and a homepage. The course, “Trends in Mathematics Education”, 
has been offered four times since its inception, and includes discussions of critical 
mathematics education; ethnomathematics; modeling and information technology in 
mathematics education; philosophy of mathematics education; teacher education; and, 
in the last two versions of the course, issues related to fractals, Euclidean geometry, 
and functions. 

In conjunction with studying technological possibilities of distance education, we 
were also looking for a means to ensure that a pedagogical perspective based on 
dialogical relationships would be embedded in the technological structure. We settled 
on a model in which the “chat” ended up becoming the basic environment for the 
course. Three hours a week, during a period of one semester, twenty teachers, one 
technician, one teaching assistant (graduate students or undergraduate students of 
scientific initiation), and I, as the professor of the course, participated in a virtual class 
in which pre-scheduled texts were discussed. Participants debated various aspects of 
questions raised by the professor as well as by the students. In addition, participants 
took advantage of an e-mail list to exchange longer messages in between sessions. At 
the end of the virtual part of the course, information about participants, summaries of 
the debates that took place in previous sessions, and questions posed for future courses 
were stored and made available on a site created for that purpose. Thus, the central 
aspect of the model used in the course was the guarantee of synchronous activities, 
such as the chat room where everyone “met”, and non-synchronous activities, in which 
each individual developed activities for the course on their own time, as in the case of 
the e-mail lists and bulletin boards. Beginning last year, we have been able to use 
TelEduc, an environment that joins technical possibilities which were previously not 
available together12. 

Mathematics teachers from all over Brazil have participated in the extension 
courses over the last four years. A few of the participants were from other countries in 
Latin America. For two reasons we have given priority to teachers who live far from 
São Paulo. One was a research issue, especially in the first course offered in 2000: we 
wanted to have the experience of interacting with teachers whose faces we did not 
know, as we believed this to be a component of this new modality of education. The 
second one was a socio-political one, as we wanted to contribute, albeit in a small 
way, to mitigate the concentration of knowledge in the State of São Paulo, which 
produces more than half of the research in a country that has a total of 27 states. 

One of the first studies conducted by members of GPIMEM, led by Gracias, 
focussed on issues related to the nature of the interaction that takes place in courses 

                                                 
10 For more information access http://teleduc.nied.unicamp.br 
11 Marcelo Borba, Geraldo Lima, Telma Gracias, Ana Paula Malheiros, Vânia Neves. 
12 For a detailed description of the model of the first course, see Gracias, 2003 and Borba and 
Penteado, 2001. For a broader debate of the various models used in distance education, see 
Valente (2003), Axt (2003), Maltempi (2003) and Moran (2003). 
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like the one just described. Gracias (2003), based on theoretical ideas presented in this 
paper, illustrates, with several examples, how reorganization of thinking takes place in 
distance courses conducted over the internet. She points to aspects, such as 
communication in network, and non-linearity and speed of communication, which 
have previously been discussed in other studies, but takes advantage in her discussion, 
based on Lévy (1999), of how the chat room, which was the main vehicle of the course 
that she analyzed, serves as a space for creating meaning. She argues that the internet 
contributes even more to a notion of space that is increasingly plastic, to the degree to 
which it introduces a new notion of proximity that is based on the areas of interest of 
the participants in a virtual environment. 

It is in this sense that the “multi-logue” described by Borba and Penteado (2001) 
and Gracias (2003) takes place. By “multi-logue”, we mean the occurrence of various 
intersecting dialogues, taking place in chat rooms, where members are involved in 
various discussions simultaneously, and a given student switches from one discussion 
to another. It is this quality of the chat room that modifies the nature of the production 
of knowledge in this environment. It is different from the interaction in the classroom, 
considering that, for example, the professor of the distance course might be engaged in 
a discussion of modeling while at the same time he is responding to another question 
of an administrative nature in a parallel dialogue. In the references cited above, a 
lengthy excerpt from such an interaction is presented and analyzed, illustrating how 
dialogue happens in a different manner in virtual environments such as this, when 
compared to regular classrooms, for instance. In the excerpt mentioned, for example, 
the multi-logue consists of five situations occurring at the same time. 

In these references, the data analyzed suggest that it is possible for debates on 
various themes to occur at the same time, and point to the speed with which new 
themes and questions arise. Multiple interactions occur, and the professor has 
difficulty in following all the dialogues and deciding which one to participate in. The 
professor’s interventions are also rushed, illustrating the pace of the class at some 
points, in contrast to other moments when three or four minutes go by with almost no 
intervention. Colors and “faces” are used to indicate feelings that are sometimes 
communicated more easily in face-to-face conversations like in a classroom. But there 
is no temperature, there are no looks, and we do not know if there are gestures on the 
internet within the design used for the course, without images in real time. 

Although all the consequences of these differences are not yet clear, we also 
noted that the multi-logue established follows rules that are different from those 
followed in a face-to-face class. Thus, various dialogues may be occurring at the same 
time, or as we proposed previously, a single debate re-organized around different 
rules, as opposed to a coordinated discussion. In a conventional class for graduate 
students, it is common for the professor to start the class with a lecture, followed by a 
period of questions and discussion, or to adapt a seminar model, in which the lecture 
serves as the basis for students’ analysis, and synthesis brought about by the students 
together with the professor. In a distance course like the one described here, because 
of the way the chat room functions, a message sent by someone may generate multiple 
responses almost simultaneously, and lead other participants to have various 
interactions with the comments presented. 

Thus, in my roles as a researcher and the teacher of the course, I have observed 
how the notions of dialogue and time, in addition to the more obvious notion of space, 
are transformed when a collective of humans is joined together with information 
technology and its various interfaces. I understand that we are still in the pre-history of 
this new type of interaction made possible by the invention of new interfaces, and that, 
on the other hand, with the rapid progress in new technology, we will probably soon 
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be in qualitatively different stages. When we deal with a qualitatively different 
technology of intelligence, like computers, new collectives, composed of humans and 
non-humans, are formed. In other words, new collectives of humans-with-media 
constitute themselves as agents in this production of knowledge. 

Identifying the role of new technologies in thinking collectives has been the focus 
of a good part of the research carried out by GPIMEM in the ten years of its existence. 
Thus, we already discussed the way graphing calculators condition the production of 
knowledge in the mathematics classroom, as it would not likely have occurred in the 
same way if the students had not used them (see, for example, Borba and Villareal, 
1998). In these cases, we would say that a collective of humans-with-graphing-
calculator took form. Analogously, the constitution of this virtual space, formed by 
various courses that are offered to mathematics teachers, generates collectives that are 
only possible with the internet, and the different interfaces used in the different 
courses. The internet made it possible for students from all over Brazil, a country 
larger than the continental USA, and from Argentina, to participate in virtual classes 
one night a week without having to travel to Rio Claro, São Paulo, one of the major 
centers of mathematics education in the country. Furthermore, the professor’s choice 
of chat rooms, a resource made available thanks to the www interface, as the principle 
means of communication, allowed simultaneous dialogues to take place, which is not 
the case in, for example, video-conferences (which are also used in distance education) 
nor in face-to-face environments. In this sense, this particular humans-with-internet-
chat-rooms collective produces knowledge with its own dynamic. 

It is not only the internet that brings changes to the interaction; it is also the way 
the internet is used by humans. The internet definitely changes the realm of 
possibilities for teachers who do not live near centers that produce mathematics 
education, and it brings changes to the nature of interactions that take place. 
 
 
The specificity of mathematics 
The analysis so far could have been done on any subject, in the sense that there is 
nothing specific about mathematics, or in the way that I believe that software like 
Derive and Function Probe can change the teaching of calculus or the teaching of 
functions. 

In the four versions of the distance course, I have privileged the discussion about 
mathematics education. But in the course offered most recently, our team augmented 
the discussion about problem solving, since as researchers, we had become 
increasingly interested in how mathematics would or would not be transformed when 
developed in the internet environment. The third time the course was offered, in 2002, 
we did our first exploratory study on the subject, assigning one section to discuss 
Euclidean geometry and functions, using software for both. In the 2003 course, we 
developed two classes on these two topics, plus fractals.  

When a problem from Euclidean geometry was posed, the reflections of one of 
the students called the attention of the research team. During the discussion, Eliane13, 
said: “ I confess that, for the first time, I felt the need for a face-to-face meeting right 
away . . . it lacks eye-to-eye contact”. Although I am still not certain how to interpret 
this sentence, it appears that the discussion of a geometry problem may have elicited a 
need to share a blackboard and chalk, or scratches with paper and pencil. But the 
debate did not continue, and she said nothing about blackboard, or paper and pencil; I 
am only raising a weak conjecture. A somewhat stronger conjecture is that available 

                                                 
13 Eliane Matesco Cristovão, High School teacher.  
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technology does not support mathematical production, since participants have no way 
to share drawings, or even to write algebra comfortably and conveniently. On the other 
hand, it is also possible that one is not open to dealing with new features in a new 
“environment”. In other words, I may just not understand internet in the way I believe 
I comprehend software like Derive. These are some of the issues that are still wide 
open for debate. 

The class about functions in the 2003 course emphasized pre-assigned problems 
that were aimed to stimulate experimentation. Our team generated algebraically a 
graph like the one shown in Figure 8.  The students, like the reader, could see the 
graph on the website of the course, but could not see the equation. The task was to 
guess it. 

 
 

Figure 8. A graph to guess its algebraic expression 
 
 
The students discussed different problems and, similar to what happened in the multi-
logue described in the last section, different subgroups engaged in different 
discussions. However, at some point, a focus on the function problem seemed to 
attract most of the students. The first guess was that the graph was a “product of a 
quadratic times a trigonometric [function]” . Another student suggests that “we have 
one curve for x<0 and another for x>0”, which I believe could be interpreted as 
referring to a piecewise-defined function. Most students were using Winplot14, a free 
software for functions that has been translated into different languages, including 
Brazilian Portuguese. They were making their attempts, but there was no way to share 
what they have done, except sending an attachment file for the others to open, or 
having the technician upload a given solution to make it available on the homepage. 
Although these were reasonable bypasses, they were scarcely used, and when they 
were, they could not maintain the pace of a real-time discussion.  

After a while, a third student tried y = x×sin (x) ×x2, and suggested that the first 
solution was incorrect. Nobody challenged the fact that there was an extra x in this 
equation compared to the first solution proposed: a product of a quadratic and a 
trigonometric function. But the discussion went in other directions; although the 
teacher could not offer hints that would give away the solution to the problem, he 
admitted that a quadratic function was part of the answer. After a few more hints, the 

                                                 
14 For more information about Winplot access http://math.exeter.edu/rparris/winplot.html 
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teacher said that the answer was y = x2×ex A nice discussion about the product of two 
well-known functions followed the intervention of the teacher. Students used quite a 
bit of intuitive language (as the teacher had previously done) to show their 
understanding. For example, one said “it becomes greater than one [referring to the 
function]...making the product bigger and bigger than the value of the parabola itself, 
which does not happen before the y-axis, since the exponential is less than one, and 
although the product is increasing, it makes the parabola shorter”. We interpret this 
sentence as the student making sense of the behavior of the product of the two 
functions when x tends to +¥  or -¥ . In the first case, since both functions are 
increasing and positive, and  

 

+¥==
+¥®+¥®

2limlim xe
x

x

x
,  

the product is also increasing and  

+¥=
+¥®

x

x
ex .lim 2 .  

 
In the second case, a classical and common argument to explain the behavior of the 
product when x ®  -¥ , is that the exponential function tends to zero faster than the 
quadratic function to +¥ , and that is why the product of the two functions tends to 
zero, since the exponential function is “stronger” than the polynomial functions. 

This mathematical discussion also led to considerations regarding how to make 
the arguments more formal in a classroom with teenagers or young adults, and how to 
keep track of students’ steps when they investigate such a problem in the classroom. 
For the purpose of this paper, I can say that what is important about this example, and 
about others that we are analyzing, is that we know little about mathematics produced 
by collectives that include the internet.  

In that example, and in many others we have collected, we have a plurality of 
discussions, with many subgroups engaging in different discussions according to their 
interests. We have not found examples like this in the part of courses that focus on 
mathematics15 that would clarify the role of the internet specifically for mathematics. 
Of course, we can say that there was a collective of humans-with-the internet 
discussing mathematics, since if there were no internet, those people would not have 
been discussing mathematics, being in different states of Brazil. But we cannot say 
(yet, and maybe never) that mathematics was transformed in the same way that the 
teaching of functions has changed in classrooms since graphing calculators or Winplot 
were introduced into schools. 

On the other hand, the above example, and others currently being analyzed, 
suggest that models for distance courses like ours, which are based on interactions that 
take place in a chat room, create a natural environment for writing mathematics. 
Despite the fact that chat rooms are not very user-friendly with respect to the use of 
mathematical symbols, the teachers involved in the course were obligated to 
constantly express themselves in writing regarding their doubts, findings, and so on. I 
can raise the conjecture, as yet in need of additional evidence, that the act of writing, 
in natural as well as mathematical language, transforms the act of doing mathematics.  
raphing calculators transformed the production of knowledge, making it possible for 

                                                 
15  We are not comfortable with this distinction between mathematics and mathematics 
education, as we believe that they are more intertwined than they appear when this distinction is 
made. We have opted to leave it this way, however, since we are seeking specificities of 
mathematics disccourses in courses like the one in focus. 
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students to “experiment” with, test, and generate conjectures. The chat room may 
change the production of knowledge by creating a natural-virtual environment for 
writing mathematics. Writing this new kind of text may be the trademark of the 
knowledge produced by collectives of humans-with-chat-rooms. 
 
 
Final remarks 
I have proposed in this paper that knowledge should always be seen as being produced 
by collectives of humans-with-media. Humans and media are inseparable in this 
regard. Technology is impregnated by humanity, and humans always carry the 
technology that surrounds them. Designers created graphing calculators and other 
software, and impregnated them with humanity. The new technology produced not 
only influences us, but becomes an agent in the construction of new knowledge, as 
well. Technology, as the examples illustrate, impregnate our humanity. Renata, in the 
first example, used her experience with conjecturing with graphing calculators to 
generate powerful conjectures, which then became stable and were proved to be true 
with the help of another medium, paper and pencil.  

In the second data set presented, a pair of students, a graphing calculator, and the 
CBR sensor formed a thinking collective in which human movements were 
coordinated with standard mathematical representations such as graphs, illustrating 
how different interfaces change the nature of collectives of humans-with-media. 
Finally, I showed how the communication facet of computer technology is changing 
our notion of time and space as different people, in different places, can take part in 
collectives that were not possible until recently, and how even the social norms of 
dialogue are changed in environments like this. I have also suggested some ways in 
which the production of mathematical knowledge is changed by the use of interfaces, 
like internet chat rooms. I believe that the notion of humans-with-media helps to 
illustrate possibilities of modifying practices in the classroom in ways that promote the 
use of computers in non-domesticated ways.  
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