A crucial issue in mathematics education:
The ability to change representation register
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Introduction

Research in mathematics education is mainly coecemith teaching, and the Regular Lecture
learning process is analysed in relationship tachigg conditions. For example
investigations into the problems that favour thedehts’ activity and how far the

interactions between students in solving probleragerthem become aware of what

they must learn. However the analysis of the legyirocess involves an assumption

about a question which is rarely asked: are theswaly thinking the same in
mathematics as in other areas of knowledge?

This question about the cognitive process undeglyimathematical activity can
seem strange becausdiat is common among mathematical knowledge and the
others areas of knowledgs always emphasised, and applying mathematics to
situations of the real world leads to such an ¢aigon. But very often most learners,
at every curriculum level, are more sensitive tmsthing like a hidden gap between
the mathematical ways of thinking and the waysofking outside mathematics, even
if mathematical knowledgean be used in real world. Are they wrong? Anyway
teacheroften observe that the acquisition of some mathiealdtnowledge does not
make most students enter the mathematical wayirditly. And the ability to change
representational register belongs to this way iokihg.

In order to understand what occurs as a recugemice of trouble in learning
mathematics we need extensive and detailed inattigs about the cognitive
processes involved in the mathematical way of thipkTo introduce the framework
of such an investigation | will start from two cormmobservations about the wide
range of “representational contexts” in which math&cal knowledge objects can be
given.

— Mathematical activity is necessarily done in epitesentational context”. Thus for
numbers there are the quasi-material representatibnmatchsticks (I 1111),
the polygonal representation and also the decimtion system with this very
strange sigri0”.

— But students also must be able to recognise #imee smathematical object of
knowledge in other “representational contexts” amdse them.

What is the role played by these inescapable amerdgeneous “representational
contexts” in mathematics comprehension and leafhifgey are often interpreted as
products occurring either at the surface level dafthamatical activity or at the
terminal stage of the thinking process. In othesds they would be only external
and further away from mathematical comprehensiohickiv should be mental or
purely conceptual. Is such an interpretation ca?rec

In fact we must be more precise in these commoservitions. The
representational contexts which are necessarilg usemathematical activity are
semiotic Taking into account the semiotic nature of repres@ms used in
mathematical activity means to take into accourh ltbe way they are used and the
cognitive requirement involved.



(1) What matters is their property dfansformation because mathematical
processingalways involves some transformatiohsemiotic representations. The
primary role of signs in mathematics is not firststand for objects but to be
substituted for another signs like, for example,caiculation. Moreover this
property of transformatiordepends on the semiotic systednrepresentation
within the representations that are produced. &h $knse there is not a “semiotic
mediation” but quite different “semiotic mediatiohs

(2) Mathematical activity requires from the indivals the possibility to use various
semiotic representation systems (representatioistegg), even if only one is
explicitly chosen according to the purpose of thativdy. In other words
mathematical activity requires the development ofirgernal co-ordination
between the various representation systems which bea chosen and used.
Without this internal co-ordination, which has te bonstructed, two different
representations mean, for students, two differdieats without any relation
between themgven though they are two different “representaticoatexts” of
the same object.
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These are like the two sides of mathematical agtifihey cannot be considered apart
from each other, especially when one attempts tderstand the problems of
mathematics learning. They provide the key ideafalysing the cognitive processes
which are involved in mathematical thinking. Frame first item it is obvious that two
kinds of transformations of semiotic representaionust be distinguishedonversion
and treatment(Duval 1995a). As to the second item we can exartlie cognitive
complexity of the specific kind of transformatiorhieh requires a change of the
semiotic system used while a mathematical actigitstarted or in its progress. Hence
the issue: why so much recurrent trouble aboutréipeesentational conversion, and
how to make students enter the functioning of regm&ational conversion in
mathematics ?

Two kinds of transformation of semiotic representaion
When we analyse any mathematical activity we havéigtinguish first between two
kinds of transformation. To introduce them let wststvith three examples.

TRANSFORMATION from one semiotic representation iatmther one

& S

CONVERSION TREATMENT



Changing the semiotic system (register)
used without changing the objects being
denoted

Keeping the same semiotic system
X+(x +3) =23

z,

John is 3 years older than Peter. Together + ' f ”(;‘ E
they are 23 years old. How old are they? 2x +3 =23 38 B 4
X+ (x +3) =23 2x =23 - 3

Figure 1

In this very elementary example conversion corregdpdo one single transformation
of representation while treatment corresponds to sequence of several
transformations. But most often conversion andttneat are completely interwoven
in the same mathematical process of problem-solving

Visual TREATMENT
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(1+2+3+ +n=?) 1 0 0 0
1+2+3+4 2
1 1 0 O
CONVERSION
(representational jump!) 1110
11 |1 1
1 0yo 0
1 1 0 O 1. Distinguishing two SUBFIGURES:
11 10 the triangle of {1,1,.. } and the one of {0, 0,..}
1 1 1 1 2. Making the two triangles evengby adding a
0 column 1
CONVERSION
(description ) !’,O 0 0}0
n(n+1)g—r+%,0 oo
.
2 1 1 2,0 0
*
1 1 1 t.‘ 0
n +1

Figure 2

In the first example, conversion seems easy bedalmuks like a simple coding. But
if we change the problem then the conversion pogeay become much more
complex.

The transformation of a linguistic statement intoeguation hides two specific
requirements. Firstly one must use fewer symbais thbjects to be referred to. For
that one must construct a new expression by usirayithmetical operation. Then one
must establish explicit relation in order to tratelthe meaning of the sentence into



the equation. Thus we do not get the same sensegiment of problem data within
the linguistic statement and within the algebraatesment. This is a first jump. But
there is also a second jump. Within an algebragattnent symbols of operations
prevail against symbols standing for numbers. Esgioms standing for numbers are
therefore broken up.

CONVERSION 10

Thelinguistic Divide ha
statement refers to

four numbers

N,, X, (x+D), D.

TREATMENT The previous meaning of expression r£ferring to two
Symbols of numbersisbroken (here: X+ D) ut aside

operations prevail

against letter” x”

and expression “x + N = @ [
D" standing for the

two numbers ¢

Figure 3

The complexity of this double jump is often misurgdeod in teaching. Thus we can
read in a national statement on mathematics clékasthis one: “it is essential that
students understand that letters stand for numibetsfor objects.” Yes, but which
numbers? In relation to the linguistic statemegitels within equations refer already
to numbers (upper row arrows in Figure 3), but tinit meaning of the letters must be
broken up in order to start the treatment (loweows in Figure 3). Anyway it is only
part of the complexity of conversion and not thestrimportant one (Duval 2002).

In these examples of conversion and treatmentkiwwds of transformation of
semiotic representations, which can be clearly tified, appear. They occur like
separate stages in the processes of problem soBingthere are also situations in
which conversion is implicitly and continuously teeed whenever two registers of
representations must be mobilised together in jghrdlne most typical examples are
in geometry where these two kinds of treatmentvarg often required. One runs in a
discursive way by valid deduction of propertiesniralata and theorems which
involves using language. The other runs in a vismay by the play of various
reorganisations of shape (Duval 1995b). The presegtthese two kinds of treatment
operate separated from each other, because theptdmobilise the same cognitive
systems. However, mathematical activity in geometepends on their cognitive
interplay. Treatment within one register can beearat or controlled by what is asked
in the other register. This cognitive interplay uiggs the possibility to make local
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connections explicit. Encoding the visual represgoms with letters or marks helps
just to explicate the anchor points for mathematiiacourse within the various
possible shape organisations. The mathematical commage of the word “figure”,
which leads to confusion of visualisation with iEncoding, also leads to
misunderstanding the specificity of these two kimafs transformations running
independently, as well as the complex role of cosiea underlying any geometrical
activity.

FIGURES AS VISUAL Encoding: | LANGUAGE Regular Lecture
ORGANISATION used to make jumps | letters, marks,l (statements:
from 2D shapes t8D shapes, numbers | theorems,
from 2D to 1D shapes | hypotheses...)
(A) Inorderto |
allow referring I *
( () - !

IIIIIIIIIIIIIIIINFERENCEof

from I new properties or
statements to : PROOF of
\ .4..“..“..figur.esu.“..“..UI.“.cpnjecture through
? I deductive
: derivation
I
I

(Example of
problem whose
wording can be
changed :

AC and EJ are
parallels
AB and El are
parallels
CB and IJ are
parallels
Prove that E is the
middle of CB)

Figure 4. The complex process of conversion andkivwds of treatment in parallel
underlying any geometrical activity

These two kinds of transformation, conversion amtient, merge into a single
geometrical process, even if one treatment prewvailsr the other (Duval 1998).
However they remain two quite different cognitivays of functioning, which depend
on independent representation systems.

All these examples highlight that these two kintifansformations of representations
lie at the heart of mathematical activity. It i®treason why the first methodological



requirement for analysing the problems of matheraafearners’ comprehension at
each stage of the curriculum, is to completely smpathese two kinds of
transformations. Such a claim may seem strange.

From a mathematical point of view, conversion aedtment make up a whole as !
regards problem solving. Furthermore, what matiergeatment, because it is the
treatment to be carried out which makes the chaiicegister shifrelevant, according
to the “best” onglow cost, more suitable for generalisation, or enottuitive...) for
solving the given problem. Lastly, would undersiagdand misunderstanding of
concepts not be more basic than semiotic represama

But from a cognitive point of view, things work ootherwise. Conversion and
treatment are quite independent sources of problanisarning mathematics. And
conversion appears to be a more complex cognitigegss than does treatment. The
trouble that most students encounter is so dedpctiveversion can be considered as
thethresholdof comprehension. Conversion of semiotic repregents often appears
as something of a magic trick that cannot be tledyned and which is not taught!
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The cognitive complexity of conversion

Shifting the representation of mathematical retai@r objects from one semiotic
system to another is always a cognitive jump. Unlileatment there are no rules or
any basic associations, like those between wordsraages for everyday language, to
help make this kind of transformation. Conversismot a matter of coding. Lets us
examine what could be put forward as a counter-gkanthe cartesian rule of coding
for plotting any cartesian graphical representatiban equation or an inequality.

This rule gives only associations between poimgd pairs of numbers, which
only allows for a selective numerical perceptiomu3 we can “read” a graphical
representation. However, using this rule for phaftiany graphical representation
cannot lead to noticing the visual features whiolrespond to the characteristics of
the algebraic equation converted, because thesmlvisatures are qualitative and
global and not numerical and local. In order to @étlence of this cognitive gap one
has only to give a choice task in which the usuetation of conversion, which
focuses on numerical aspects by plotting and regdsrinverted (Duval 1996).

ZN
o) y=X +2
> y=2X
. y=x+1
VECE x/ y=x-1
AND
ANEA 2LX V=X
= -X
THNT x 4 y=x+1
N\ y=x-1

Figure 5. One single item of a qualitative recaognitask for conversion between
graphical representation and algebraic notation



When students are faced with this kind of a quliéarecognition task, it becomes
obvious that for most of them the ability to discinate the relation which is
visualised cannot follow the practice of plottingdareading numerical values on
graphs. And that can be checked even after furstitawve been taught. In these
conditions how can all graphical representationsvigialisation power, or give an
intuitive support, to most students? These reptaiens are absolutely no use
without a fluent recognition of the visual featudscurves which are mathematically
relevant, except for reading a couple of numbexs identifying a point. Hence the
basic question for any learnétow to discriminate those visual features of thapyr
that are mathematically relevant for conversiohf other words, how to see the
semantic characteristics of an equation throughgtnaitative visual features of a
drawn graph and vice versa?

To solve this problem we must take into accountwiag in which the semiotic
system of cartesian representation can represetitematical objects (relations and
not only functions). The basic law of semiotic ftianing is the following: Anything
cannot function as a representation outside of gbmmiotic systemin which its
meaning takes on value in opposition to other repn¢ations within that systerBy
applying this, we get the following network for thasual features which are
mathematicaly relevant whithin this kind of reprasgion:
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A ONE visual feature Ny
) OPPOSITION (B) 2/
1 corresponding to the /
s CHOICE: a=1o0or a>1 / \
/ olt “x for the coefficient o1
/ /
‘...........................>
ONE visual featurelh W\E visual feature A The
OPPOSITION (A) = OPROSITION (C) - TWO
corresponding . correspgnding to the vigual features
to theCHOICE: = CHOIGE: *(B) and (C)
+ or — = presence or &gsence = look like
of the coefficient = of a constath'.. = one single
sign ’..’
A s TheTWO visual features %o, v N
) - (A) and (Q 4 2
\ 1 v look like a single /
T { 7 ¢ ald 1 ¥

Figure 6. Network of the cognitive discriminatiorgjuired for a conversion between
graphs and equations



We shall make four remarks whose the consequeneesnaortant for mathematics
learning.

(1) Each distinctive visual feature can be distisgadonly through the opposition of
two graphs.

(2) Each distinctive visual featummatches with a semantic characteristic of the
equation andhot with the function represented.

(3) It is on the basis of such a network of didiire visual features that students
become able to convert graphs and equations fluantd meaningfully.
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(4) Such a network can be extended to all kindsietion representations and also to
representations of relations and curves which atefunctions. That mearsuch a
network does not depend on some specific mathexhatintent or “concept’

Now canwe assume that students become naturally awardl dhese qualitative
discriminationsonly by plotting and reading graphs and by acqgithe “concept” of
linear function? This is very easily assessed bgma®f recognition tasks.

N ONE CHOICE Ny
) (@>10Ra=1) |/
) 22%
25%

/01 >x SPPPTTTTTTPPPTITIN S
. A /

/

.>
2

1
=
Q)
=

[ * [
ONE CHOICE = R *TWO CHOICES
(+OR—) = OME CHOICE = visually merged
46% . a constapt (yes/no ?) . 11%
78% . 28%, . 24%
. 40% *e, .
N\ . ’o‘ . A
) - ”0, . 2
N v "y [
N\
7
X

/'—1c1x>

/

Figure 7. Recognition tasks involving the distinatiof relevant visual features (the
lower figures: after three-months teaching focugindinear functions with 15-16
students)

Let us back to the first example (Figure 1 and_®nversion from a statement of more
than one clause to one equation involves two leeélguite different discursive



operations. One is cognitively more complex thandther, which results in a drop in
success rate. To make this obvious we must breakn dbe problem into tasks
corresponding to both levels.
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A man is 23 years older than is son. He is 31 years

younger than his father. The sum of the three ageght choice of (x-23and of
is 119 years. (x+31):

If x is the age of this man 82 %

x + 23 refers to the son’s age: YES NO
x - 23 refers to the son’s age: YES NO

Regular Lecture

Organisation of these
What equation allows us to calculate the age |of expressions into an equation
this man ? which corresponds to the
statement
46 %

Figure 8. (involves 14-15 students)

In this example the conversion appears under itstretementary and congruent
aspect. But in most cases the given linguistiestant is more complex and can also
be requested to be converted into a system of ieqsat

We could vary the situations. Whatever the kindstaft register and of target
register (language. symbolic notation, figure language) it is very easy to highlight
that most students are in trouble whenever a asiore is explicitly or implicitly
requested in mathematical activity. For that weehawly to use devices of tasks
which are less global than mathematical problems.cah also investigate the various
factors which work in favour or against recognitimithe same mathematical content
within a representation and its converted repregiemt into another semiotic system.

However, the important issue does not lie therdies in understanding what
cognitive processes are involved in mathematicailkthg and why the complex
cognitive process of conversion is crucial for tesats comprehension.

Why conversion is crucial for learners’ comprehensin

Signs are too often associated with conventiongtioms like the use of letters in
geometry and the use of symbols in algebra. Frasmtry restrictive point of view
we get a dualist approach to mathematical activityere is, on the one hand, the
mathematical content which would be conceptual rmomtsemiotic, and there are, on
the other hand, semiotic representations whichbearhosen according to the needs of
communication or according to the cost of treatm&hée former would be mental and
the latter would be external or material. From fhoént of view, conversion would be
the outcome of conceptual comprehension, and auple with conversion would be
indicative of misconceptions. Does such a modelbfhgognitive processes fit with
what can be observed of mathematical activity?

Mathematical activity must meet two conflicting ve@ments:



— (1) semiotic representations must necessarilydesl even if there is a choice of
the kind of semiotic representation

— (I) the mathematical objects represented musenbe confused with the con-
tent of the semiotic representations which are used
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The first requirement is especially important inth@matics for two reasons which
highlight the particular epistemological situatioh mathematics. Unlike the other
scientific areas (astronomy, geology, chemistrgldgy) knowledge objects (numbers,
functions and their properties...) are not accéss$ibm physical data, through sensory
evidence or by using instruments. The only way aviihg access to them and of Regular Lecture
dealing with them is by using signs and semiotipresentations. However the
necessity of signs is not confined to that. Thedimrole in mathematics is not first to
stand for mathematical objects but to constitufadéform for working on and with
them, by substituting some signs for others. Thius tain role of numbers
representation system is not to denote numbersdutake calculations. And the
algorithms for numerical operations are differemtading to the system used,
decimal notations or fractional notations or evepresentation systems without the
sign “0”. Semiotic systems are mainly used for agiens, i.e. for treatment. We can
summarize that by saying: without “semiotic mediatino mathematical activity.

The second requirement might seem more general raotd specific to
mathematics. But it is with this requirement thaisinstudents get into trouble. The
content of any semiotic representation does no¢niémn concepts or on represented
objects only, but also on the semiotic represamati systems used. This is why
shifting from one system to another means changfiegcontent of representation
without changing the mathematical properties represi. Then how can the
mathematical content be distinguished from whagpscific to the semiotic system
used and is not of mathematical relevance? Ouisatbematics this problem does not
arise, because the main access to knowledge abmgt®is non semiotic, that means
it is given independently of any “semiotic mediatioBut in mathematics this is not
the case, because semiotic representations argsalmeeded according to the first
epistemological requirement.

In these two conflicting requirements lies the ritge paradox of mathematics
that most learners encounter in a deep manner. tAaidraises a deep problem of
comprehension which is specific to the learningr@thematics. The most obvious
touchstone for understanding is the possibilityrahsferringwhat has been learnt to
new and different contexts, inside and outside erattics. And this always involves
representational conversion. Whatever the orieamaif teaching being emphasised —
applying mathematics to real-world problems orchkéag mathematical concepts and
procedures — most students are stoppecdth& threshold of representational
conversion For them there are as many different represeoivgetts left as there are
different representational contents used. A mathiealaisomorphism between two
representations never involves a cognitive isomigrphand hence a fortiori cannot be
recognized by learners.

Contrary to the dualistic approach in which thesitapable semiotic mediation
would remain external and posterior to the concaaptomprehension, the semiotic
representations must be taken into account in tladysis of mathematical thinking.
Comprehension does not lie first in a jump from ¢batent of a representation to the
pure mathematical concept represented but in thaticeship between various
representational contents for the same conceptreTli® no one homogeneous
“semiotic mediation” but several which have litde nothing in common. And as we
have already seen (Figure 6) the representatiamdénts depend not only on what is
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represented but also on the representation systesed. Therefore mathematical
understandingequires of individuals amternal co-ordinationbetween the various

possible semiotic representation systems whichbeathosen and used (Duval 2000).
Without this internal co-ordination, which must beveloped, students cannot step
across the threshold of representational converdibie ability to mobilise various

representations together in an interactive waynoa iparallel way depends on the
development of this co-ordination and conceptuahme@hension is not the condition
of such co-ordination but arises from its developtnén others words what matters
first for teaching mathematics is not to chooseltdst system of representation but to
make students able to link quite different waysapfresenting mathematical contents.
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How to make students enter the wide and complex futioning of representtatio-
nal conversion?

Most teachers agree about the importance of madtingents use both symbols and
pictures, represent spatial and numerical patteand, identify the same pattern in
different contexts and representations. But thennesue is to know what kinds of
tasks and activities are available for achievirig gfoal.

The most obvious idea is to displsgveral possibleepresentationat the same
time. For numbers it can be not only decimal notatiom, &so fractions or figural
representations (polygonal numbers). For functitmash their algebraic expressions
and their graphs (visual display of the correspogdines, curves, surfaces) should be
given as if they could be connected like words amdges. Software provides
powerful tools to display “instantaneously” as malffferent representations as are
needed. Thus students can always get access tdearange of possible represent-
tations of the objects on which they are working asing as tools. Moreover software
can give a dynamic perception of the transformatibnepresentations in contrast to
the static ones offered by paper. Specific tasksramsfer or translation can also be
given to train students to react to a given kindegfresentation (verbal, symbolic or
visual) by changing it into another one.

In spite of all that, there is a danger of dea@pthecause conversion involves
two levels of cognitive processes.

— (1) Identifying the same objedenoted in two representations (from two different
registers)whose contents seem quite differ@rt algebraic expression and a graph, a
statement and an equation). To recognise thisadhieation of an association between
two representations of the same mathematical cootmbe sufficient.
— (2) Identifying two different objectéenoted in two representations (within the same
register)whose contents seem alikeetween two graphical representations whose
contents are visually alike but which do not repréghe same functions, or between
two statements using the same words but expresgiitg different relations or not
giving the same information). To recognize thig #ctivation of an association does
not work anymore. In — such a very frequent - sitiastudents must be able to
discern the significant elements in the startingresentation and the ones from the
target representation with which they can be aasedi This is the cognitive condition
for identifying what is mathematically different thin two representations that seem
alike, because not all the significant elementshiwiteach representation are
mathematically relevant. This cognitive conditiam particularly strong when the
representations are linguistic or visual and naejyusymbolic.

Now we can see that only the surface level ofasgmtation (1) is taken into
account in any simultaneous display or in any tafst#tirect conversion by translation
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(Figure 9 below). Thus students are faced withlltasks without links between them,

because the only variations which are taken intocoawt are the changes in the
mathematical content represented. And the separd@tween these local tasks is

emphasized by the fact that they are set in quifierdnt contexts or problem

situations. There is no possibility of identifyiagd paying attention to the significant
semiotic variation which is involved in that change

YA
2

AN —

-—p Y =X+ 1
( Association )
OR

\
~—— Y= - 2x

( Association )
AN

o

/l

> — Y= ..

(translation )

X, » y = ...
(translation ) Y

Figure 9. Two local similar tasks confined to thieface level of conversion

Generally, the only way to make the links betweeao guite different representations
of the same mathematical content explicit is to enakcommentary or to make a
treatment (calculation). In other words the podisibdf building bridges between two

representations independently of the mathematicatent represented is dismissed.

Through this common practice it is implicitly assedrthat the deep level (2) would be
mainly conceptual and non-semiotic. But what isagadn when conversion requires a
distinction between two similar representationsvad different sorts of mathematical
content? For example, how can we make studentsnieeeovare of the contrasting
visual features that are both mathematically reievand visually significant for
graphs (Figure 6 above)? The only method for malksituglents able to analyse the
specific way a given semiotic system can repreebjdcts of knowledge is to make
them compare with the properties of another semgytstem.

y A~ N\
e | /

1

/ 1 A
Vi o What does

of 1 X>I

V! itchan e?
y 2N
p

=
o
=

X

! What does

V2 §y® itchapge?
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Figure 10. Global task to analyse the concomitanitions in the way of representing
underlying any local task of conversion

A learning task aiming at the deep level (2) ofresentation must meet three criteria
with regard to student activity:

— focusing on the variations of representation imithe initial register,

— investigating the field of possible variationghim the initial register (and for this
investigation the basic experimental rule for representationalatian in the
source register must be observed)

— comparing the meaning of these variations withirregister by asking the
guestion: does anything change in the target mgistd if so what does change?

Regular Lecture

Such a kind of task is crucial in order to makecdminate whether two
representations whose contents seem alike represewlifferent mathematical object
or the same. And that is very often the conditionldeing able to convert them into
another representation register.

Thus we get two different kinds of tasks for makstgdents become sensitive to the
variety of possible representations for mathemhktibgects and relations. In the first
kind two representations have to be grasped togdthesimultaneous display, by
translation or by transfer, while the process afvassion is left aside. The association
of representations can only be justified by calliogmathematical knowledge, which
involves the production of other semiotic repreagons. In the second kind a field of
representational variation is grasped in relatiorahother field of representational
variation. This makes students experiment withsimiotic complexity of the process
of conversion and helps them co-ordinate semigstesns which would otherwise be
left in separation. A true conceptual comprehensibmathematics and the ability to
make fluent changes of representation are beirtgried through this co-ordination

There are as many areas for developing co-ordimadf semiotic systems as
couples of registers: Language symbolic notations, language. diragrams,
language- figure, graphical representations algebraic notations of relations, etc.
The complexity of this work of learning work obvily depends on both the source
register and the target register and thereforehenghp between two quite different
ways of representing and working.

“Real-world” problems and representations

From an educational point of view the paramountfmms of daily life are often
highlighted, especially for teaching at primary @eh There is the common idea that
knowing how to apply mathematical operations anacedures to pratical problem
situations gives meaning to mathematics learnimgerd is also another reason which
is more interesting for our purpose. Solving “realld” problems would mainly call
for students’ physical or everyday experience dradr tmental representations. Thus
students could be spared the trouble that semiepicesentations give rise to and,
moreover, they could be led to the comprehensiomathematical concepts and
therefore they could make sense of the semiotieesgmtations used. In other words,
our previous analyses of mathematical thinking exlevant for this aspect of
mathematical activity which is claimed important foathematics teaching. Or, the
other way around, does any application of mathemktperations for solving real-

13



world problem require a preliminary articulation\afrious representations, including
semiotic representations? '

m

All situations in which counting and quantifyingeaa part of a real activity give rises
to problems in which the application of number kienge is required. The most
common way to pose a problem taken from such gitusis to make students identify
and carry out the correct arithmetical operatiddse-step arithmetic word problems
involving either the choice between addition andtsaction or the choice between
multiplication and division are well known. Theyncalso be used for introducing new
kinds of numbers (decimals, fractions) or propardioreasoning. A broad use of real
problems is also made in order to support the iiansfrom arithmetic to algebra.
Thus we get a wide range of real-world problems taay with regard to situation,
context and mathematical procedures.

From an educational point of view these problems ¢fie opportunity to call for
a large range of non-verbal representations e@thenected with concrete experiences
or with mathematical operations to be carried Bated with these problems students
and teachers could choose the best representéionsrking with the mathematical
content involved and for solving the problems.

However, from a cognitive point of view, all thepeblems involve the same
complex processes and hence raise the issue disorglévance of the representations
used. Whatever the problem posed, the whole cegrsituation in which learners and
teachers are put is the following:
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Figure 11. The labyrinth of representations undeglyhe solution of “real problems”

Even when quickly forgotten, words are neededagtlto describe or evoke a scenario
of the real world and for posing a question (ficslumn in Figure 11). Then
conversion is needed and is intrinsically connetbeithe identification of the relevant Regular Lecture
information for the choice of appropriate arithroatioperations, or for the choice of
the unknown quantity to be denoted with a lettaeaiments depend first on this
identification and on the choices made, even fiedént procedures can afterwards be
chosen according to the mathematical knowledgesati

The educational advantage of real-world problents @llow for working freely
with representations that seem more accessible ttharones used in mathematics
(second column in Figure 11). In this way theylie auxiliary representations which
can help students’ understanding at each stageafdiution process. But here lies the
crucial issue. An auxiliary representation can dithone of the three phases of the
“real-world” problem solving process. Thus icongpresentations can fit only with
the scenario evoked and can be disturbing for tiases Il and 11l which require non-
iconic representations that are necessarily semidioreover, the representations
which can help students understand the way to comieen information are quite
different from the ones which can help them undexdtthe way to carry out the
mathematical operations. Auxiliary representatioas fulfil only a specific function
in problem solving, a function which is relativehar to imagination, to conversion or
to treatment. Anyway, what matters is not to fil t'right” representation but a
variety of relevant ones and to co-ordinate them.

It would be easy to show that in most researchsettagnitive conditions for
helpful use of auxiliary representations is engirégnored. Either the iconic
representations or mathematical visualisation fudtenstanding procedures are taken
into account, as if they were sufficient for theapé of conversion. There is not a shred
of evidence to support this educational hypothe3isite the contrary, even most 20
year old students, and sometimes teachers at griswduools, cannot get out of the
labyrinth of representations, even for the one-atigtitive word problems!

Conclusion

The recurrent and systematic difficulties encowetdleby most students in learning
mathematics lead us to ask the question: are timkirty processes the same in
mathematics as in the other areas of knowledgeZeSiRiaget's theory of
epistemological development it is more or less m&slithat the cognitive processes
are basically common to all areas of knowledge. Amdearch in mathematics
education is mainly concerned with the ways in Whéach particular concept, and
each particular mathematical topic set in the steshglof a curriculum, can be taught.
Even if the obvious need of various semiotic systésirecognised, the basic role of
these systems in the thinking processes, and #mfispproblems they gave rise to in
mathematics learning, are therefore neglected. Swdgnitive framework underlying
most research in mathematical education comes amstga crucial issue resulting
from the cognitive paradox of mathematics: the ilitsghof most students to change
representation register. However, the way signs aendhiotic systems play an
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Nor is it easy to analyse its cognitive functioningecause every semiotic
representation is a representation of somethingv ek we investigate the basic role
of semiotic representations in mathematical thiglkand learning?

important part in mathematical thinking is not etsysolate from the denoted objects. ‘
|
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| have put forward three main ideas. Firstly, whmtters in semiotic representations
is not their relation to something else, their dedambijects, but their intrinsic capacity
to be transformed into other semiotic representatidhis is the basic part they play
in thinking processes. Each semiotic system pravide specific capacity of
transformation. Secondly, there are two kinds ahsformations of any semiotic
representation: conversion and treatment. Thegagaitively quite independent from
each other even though in mathematical terms thmadiodepends on the latter. This is
the reason why conversion of representation iditsiethreshold of comprehension in
learning mathematics. Thirdly, and that is the nsastsitive point, what is concerned
with conversion and what is concerned with treatmemst be separated when
analysing what the students do when they are fag#d a problem. Such a
methodological and theoretical separation goes nagathe current practice of
considering these two kinds of transformation akingaup a whole for problem
solving.

Regular Lecture

In this paper | have emphasised conversion bedaissenly in mathematics that such
a wide and complex game of representational tramsftions is required for thinking
but also because a dualist approach to mathematitigity leads to the denigration of
its cognitive importance. In fact conceptual conemsion arises from the co-
ordination of the various semiotic systems used, lz@coming aware of the specific
way of representation characteristic of each seémtstem is a cognitive condition
for comprehension. By focusing on conversion itnse¢hat semiotic representations
cannot be put on the same level as the auxilignyesentations whose use is mainly
for individuals or for educational aims. Howevengptreatments have also a specific
cognitive complexity, mainly those which use langgiaand visualisation. Thus the
way of expressing and understanding linguisticest&nts is not the same within and
outside mathematics (Duval, 2003). There are alse glifferent and conflicting ways
of looking at figures in geometry. They provide wagf functioning which are not
under the control of geometrical concepts, whichthis reason why they can be
heuristically powerful. It is only by separatingnsersion and treatment that the
cognitive complexity of all the discursive and \astreatments which cannot be fixed
in algorithms can be described and investigated.

When focused only on the particular mathematicaitexat to be taught, the more
global process of transformations of representatighich is needed for mathematical
activity is left in the dark. And nobody shall bela to answer the predominant
guestion of most people who don’t teach mathematosv can mathematics learning

contribute to general education for shaping thedmamd developing more global

abilities of visualization, reasoning, informatioorganization, rather than just

providing some technical procedures of calculatidhi is the reason why analysing
the cognitive processes involved in mathematiaskthg requires a shift of orientation

in the way tasks and problems are chosen for stediearning and also for research
about learning. The cognitive variables relativehi® various kinds of representations
must be taken into account. This also requires n@thods to go beyond what is
recorded at the scale of the everyday work in thescoom.
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