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Introduction

The professional development of mathematics teaehamsl by this | am mean both  gegyfar Lecture
pre-service and in-service development—is currestlyssue of major interest for the
mathematics education community; one sign of setévance is the existence of an
international journal specifically dedicated tostHield?, as well as a forthcoming

ICMI Study on The Professional Education and Develapnof Teachers of Mathe-

matics?

It is not difficult to understand why this should b key area of mathematics edu-
cation. As most of the mathematical education ffetdnt countries happens within
school systems, that is, in a systematic way, itild/cseem necessary to provide
specific preparation of and support to the profesais that will face the task of
realising that educatich.

Surprisingly - perhaps given the seemingly obviokaracter of that statement -
until not so long ago the bulk of published reskarcmathematics education did not
deal directly with the issue of the professionalelepment of mathematics teachers.
Issues of cognitive development, errors/misconoegtiand teaching strategies, for
instance, largely dominated the scémes recently as 1995, Paolo Boero, of the Uni-
versity of Genoa, insightfully stated at a meetaighe Algebra Working Group of
PME, that, through research, we had accumulatedya Emount of sound knowledge
on how people learn - or not—algebra, and on te@ckirategies and approaches
related to algebra education, and that, perhapgsttime for us to begin thinking of
ways of tellingteachersabout all that. And this is at least one step badlelation to
stating that we should engage in developing wayeetp teachers to be able to use all
that knowledge developed and eventually made dlailto them (ways 'to prepare
teachers").

It is true that in the field of (‘pure’) educatidhe research tradition relating to
teacher education goes further back in time (late &nd early 80's), but, | will argue,

! Partially supported by CNPq grant no. 350823/98-6ail address: romlins@rc.unesp.br

2 The Journal for mathematics teacher educationir(§emn, whose current editor-in-chief is
peter Sullivan.

3 http:/www-personal.umich.edu/~dball/icmistudyHtsnl

4 In a sense, this is a wishful statement. Theee systems in which a given amount of
mathematical ‘training’ at any university degreealifies for teaching at school level, and in
other systems, if the situation is not quite likatt there are serious discussions about adopting
such a system; for instance, there has been aajahahe US, about dropping ‘pedagogical’
courses as a requirement for certification, basedhe idea that too many (specific subject
matter) ‘talented’ people are being put off teaghbecause they do not wish to take those
‘boring’ courses, and end up in other professi¢inem Jerry Becker's e-list)

5 As one can see from examining the main journalghef field (Educational Studies in
Mathematics, Recherche en didactique des mathéreatiqund Journal for research ion
mathematics education, and from examining the maiogs of the annual PME meetings
(International Study Group on the Psychology of hatatics Education).



that research could not, and cannot solve, byf,itde problems raised in relation to
the professional development of mathematics teacher

The existence of two separate and well establisheldlsf education and
mathematics, has, for a long time, offered supportthe understanding that
mathematics teachers must first properly learn rite¢hematics and then properly
learn good ways of teaching it; this is clearlyibis in the structuring of mathematics
teacher education courses as 'a degree in matleshytis 'pedagogical complemen-
tation' ('3+1"), as found in so many countries. $hpport has usually been offered in
the form of specific content-driven curricula ang ¢pecialists that are able to teach
within those curricula. The development and slow sotidation of specific
educational areas - language education certaintypecdirst, and mathematics
education is, in size, reach and tradition, onlkibeé language education - initially did
not much to challenge directly the 3+1 understapdin

More recently, however, the idea that teachers teash 'the mathematicat the
same time as they learn how to teacth#s been put forward by a number of people in
the mathematics education community (Cooney atl&i96, is a good example of
this), but other questions or headlines have atsntbrought forward. Some mathe-
matics teacher educators began to ask questionat dboowing and learning
mathematics for teaching' (MSEB, 2001), 'what matiters do mathematics teachers
need' and 'what kind of mathematical experiencesadequate for the professional
development of mathematics teachers' (for instaimcbpth cases, as in the work of
Deborah Ball, but also in the considerations oftaaa Jaworski).

That line of questioning may be seen as simply @ritiy the cause of 'mathema-
tics simultaneously together with a pedagogy', lhihink it does much more, that it
actually challenges the very idea that the mathiemaf the mathematician is suitable
to promote, in itself, adequate professional dgyalent of mathematics teachers. And
to say it is not suitable begs the question of vthatmathematics of the mathematics
teacher is, so it can become part of our efforte@ther education.

'What is the mathematics of the mathematics teachehe central question |
want to address in this paper, but in order tohdd t will also have to touch upon
what 'the mathematics of the mathematician' is9dth cases | will use a set of ideas
related to what | calineaning production processes

It might seem odd to characterise any ‘'mathematidstms of meaning produc-
tion processes, and not in terms of, say, contegt definitions and theorems) and
methods for establishing truths. My point, herethist while for the mathematician -
or, perhaps more precisely, for the philosophemathematics - that is a problem of
capturing the 'essence' of somethalgeady in placeandwell established as part -
maybe a central part - of a social practicior the mathematics teacher such an
approach is insufficient, precisely because no endibw much the teacher wants
his/her students to think in a given way or to ustind a statement in a given way,
s/he simply cannot anticipate what the studentsmake of it. My characterisation of
the mathematics of the mathematics teacher, tisenot primarily directed towards
what the teacher him/herself thinks about or ofheatatics, but rather towards what
kind of things - to leave it less technical at this point - tkadher can 'see’ as s/he
readsstudents engaged in a mathematical activity, hisdwill take place as meaning
production is happéng, most of the time in situations of interactfoRaraphrasing a
pop song, | expect my characterisation to fostemn#rest orhumans beingnot on
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5 | make reference to mathematical activities, buthwthis | only want to characterise a

situation that is familiar to mathematics educatarsituation in which there is something going
on that we would agree as having to do with mathiesa



the classroom.

What | have said in the last paragraph has itsirotite fact that a crucial aspect
of the professional activity of a teacher - prolgable most crucial aspect of it - is to
make decisions and to take actions related to thghematical education of his/her
student§ based on what s/he wants to achieve, but based-and this is the key
aspect | want to examine - on what is happeninipénclassroorfi.To take the latter
into consideration, it is not sufficient, | will gue here, to takprima faciewhat the
students do or say; teachers have, as | saigaibwhat students aractually saying
or doing?

The way | will proceed from here is this. First llMmntroduce a set of notions,
which are part of thdlodel of Semantic Fieldsa theoretical model developed to
characterise meaning production processes (Lins])2@@ose notions will offer the
support for the arguments in the rest of the papieen, | will discuss a few exemplary
examples of situations that a mathematics teachghtrface in her/his professional
practice, and then | will offer my characterisatiafi the mathematics of the
mathematics teacher and will discuss some of igdigations. Only then | will offer a
characterisation of the mathematics of the mathieraat brief but sufficient for my
purposes; the reason for choosing this order isftbhm the point of view of meaning
production processes, the mathematics of the matti@em (MM, from now on) is a
proper part of the mathematics of the mathemageshter (MMT, from now on).
Finally, | will draft a discussion of some conseqeces of all this to mathematics
teacher education.

human beingsand to offer tools that can make this interesrafional and useful in z
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Regular Lecture

The underlying theoretical framework: The model ofsemantic fields (MSF)
The central notions of the MSF arbject meaningandknowledge

An object in the MSF, is anything a person is talking abbetit ‘concrete’ - for
instance, a chair in front of me - or 'symbolicafor instance, letters in a piece of
paper.Meanings in the MSF, are what a persawctually says about an object in a
given situation (within an activity); it is not ewghing s/hecould eventually say about
that thing. Andknowledges, in the MSF, a belief-statement, something thperson
actually states and in which s/he beliewegietherwith the justification that person
has for believing that statement and for enundaiaitiiLins, 2001).

Meaning production and knowledge production alwhgppen together, and
objects are constituted through meaning production.

7 See, for instance, Perrenoud (1999).

8 Just to clarify: | am not saying here that what happened in the past, in those students’ lives
- whether inside other classrooms and outside $chdoes not have any sort of influence on
what is happening at any given time, in a spedcifissroom. What dlo want to say, though, is
that tracing back what is happeg to its 'roots' is a lost cause, and that the teawlould do
better dealing with what igresent A long argument could be presented here in defefichis
point of view, dealing with the problems of integfation (in history, discourse analysis,
psychoanalysis and many other fields); one cowddudis, in a more general way, theories of the
subject; naturally | will not do this here.

9 ust to illustrate this point with a very commorustion, one can simply recall that too often
students who are asked 'why did you do it this Wagact exactly as if the teacher had said 'this
is wrong'; one reason for this could be that, &gpoften, if the answer or statement is 'right’,
that is, if it is something we ourselves would saw, are not quite interested in 'explanations'.
This is similar to why children learn to say 'nefdre they learn to say 'yes'.



Naturally, a number of points can be raised intimato those characterisations,
but | will direct my attention to only two of themwhat is ‘to believe’ and why include
justification as part oknowledge®

First, what is ‘to believe'. | think a pragmatic saver is sufficient for my
purposes: | will say a person believes in a giviatement if s/he acts in agreement
with it. For instance, if | say that | believe thggople cannot see through brick walls
and | need to check whether or not | left my keyan adjacent room, | should not do
this by looking in the direction of the wall commtmboth rooms.

The second point is the understandingkobwledgethat | propose. Traditional
approaches to this question suggest that the nafukaowledge is that of a propo-
sition (in my formulation, the statement) and attée the justification only the role of
allowing others to verify whether or not the perdms reached that proposition in
‘acceptable’ ways (see, for instance, Dancy, 1993).

The theoretical problems involved in this conceptma well known (the reader
is referred to Dancy, 1993, or Chisholm, 1989).ill wot present those objections
here, but will, instead, provide a couple of exasphat — hopefully - will make my
choice acceptable; they are, again, of a pragmaticre.

Consider a 5 year-old child who says “two plus ¢hi® the same as three plus
two”, arguing that if you show two fingers on thedtlhand and three fingers on the
right hand and bring them together, it is the sasishowing three fingers in the left
and two on the right and bringing them togetherd Aonsider a mathematician that
says “two plus three is the same as three plusbeeause the addition of integers is
commutative”. Same statement, different justificasi, different types of knowledge.

Another example. Consider a student and a teacherheth say “if we know
that 3x+10 = 100, then we can say that 3 x = 90% $tudent is thinking of a scale-
balance, thinking takethe-same-from-both-sides”; the teacher is thinkaigput a
numerical situation, thinkingstubtractthe-same-from-both-sides”. Pretty close. But
give “3x+100 = 10" to that student and to that tesx¢ and watch what happens.

My main point here is that, in line with the lingtiGeorge Lakoff's under-
standing, whatever is central in human cognitios teashow itself, has to be visible,
in everyday simple situations. If we are not inetinto say that the child and the
mathematician, and the student and the teacher radriced the samienowledge
we'd better do something about our understandinthatf notion. My option is to
include the justification as@nstitutivepart of knowledge.

Those three notions are rooted in several considagsabf a theoretical nature -
related to theories of knowledge - but they proyitevertheless, a powerful practical
tool for the teacher who wants to read meaning yetion processes as they happen,
‘on-the-fly', as well as a tool for analysing stoidewritten work and for developing
tasks and test items. In this paper | will concatetion the first of the three.

As atool, the MSF aims at enabling the teachereduce non-deficit readings of
what the students are saying and ddin.the teacher is able to say to a student “I
think this and that is what you are talking abowtd the student agredben the
teacher can say “Well, | am thinking of somethiiffedent from you, and | would like
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10 Other issues are: legitimacy and interlocutorsmlioes one 'decide’ whether it is legitimate
to state something in a given situation?), leadnguthor-text-reader and the idea of commu-
nication; what is learning and what is it that vearh, from the point of view of the MSF (and

relations between this and the work of Vygotsky hisdcolleagues). And others.

n fact, as mentioned above, the model does notraadifference between saying and doing.
Either saying is understood as doing somethingjoimg is understood as an enunciative act.
And doing includes, for instance, gestures, arremaggs or manipulation of physical objects,

drawings and diagrams of all sorts.



you to take a look at how | am thinking, is that ®kKandthenproductive interaction
can happen.

What's going on here? Some exemplary examples )
The following examples are aimed at paving the waywhat | will say in the next
section. Many other examples exist or could betetealhe reason for choosing this
approach is that the MSF allows that a few exemgptaamples, together with simple
enough 'principles’ - 'reading the student’, 'meginlknowledge, 'object’ - open up the
possibility that one greatly improves his/her a@pito read what students say or do. In
this sense, the following examples, are, | thirdeful.
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Situation 1 (extending an example given above)

The students are working on simple linear equatidhey have already studied
negative numbers and done well. The teacher wiitestjuation 3x+10=100 on the
board:

T: So, we can then say that 3x = 90, right?
SS: Right.

T: ...and then we can say that x = 30, isn't it?
SS: Yes, that's right.

T: So the solution to 3x+10=100 is x = 30...

The lesson is reaching its end, and the teaches gfimestudents a few other equations
to solve for the next day, among them 3x+100 =at0equation the teacher considers
almost too easy for them. The next day, as shethskstudents for the solutions, a big
surprise: not one student had solved 3x+100 = 1@ piwzled teacher asks the
students what happened, and they say “but Misa, Xkt onean't be..”.

What could be happening here? The teacher had fdd¢iegself on a mathemati-
cal meaning for the equation - an equation is apression involving numbers,
unknowns (or variables) and an equality - and @oeiated meanings - for instance,
“if you do the same to both sides...”. ‘Doing somatiiiis, for her, related to adding,
subtracting, multiplying or dividing both sides the same number. Having done that,
she cannoseewhat “that onean't be”is.

What she did not know was that the previous teachbo had introduced the
students to linear equations, did so using scdinba situations, and had used those
situations a lot.

What is one to expect? That for the students thoasan equations can only be
scale-balance situation#, anything Not knowing this, and not being aware of the
need to read what the students were actually sayingoing, as the students said
“remove” or “take the same from both sides” shertiéaubtractthe same from both
sides”, and if they were saying “subtract”, why 388 = 10can't b&

The answer to this 'puzzle' should be clear by ribiw:simplyimpossibleto have
a scale balanced by putting three equal things sayl,a 100 g weight on one side,
and only a 10 g weight on the other one. That sincply't be and this implies that
students will do nothing about that problem, beeaifist is not a scale-balance it is
nothing or, at best, it is a string of numberdgleand other signs, and operations like
“remove...” do not apply to it.

The key point in this is that the teacher couldproduce a non-deficit reading of
the students' statement: mathematical meanings rayid-wrong dominated her
thinking, and the situation became paradoxical.



‘equation’ - in agreement with the teacher's narafngy the meanings they produced

for that thing were not the same as the teachRemoving weights from both sides is

not the same as subtracting the same, even thalngtastion can be used work out

how the scale-balance will be after the removahilarly with 'sharing' or 'partition- )
ing' in relation to 'dividing' (as in the arithmztl operation}? Because the meanings
produced by students and the teacher were diffdeenbhat extent, | will say the
objects they were talking about were different araturally, the knowledge they were
producing.

And we do not have to confine ourselves to those'kimds' of meaning: anyone
can think of 3x+10 = 100 as a function machineaditin, a whole-part situation or as
a template against which to test candidates fainget real numerical equality. In
each case there would be different meanings, diffeknowledge, different objects.

Even though the students were probably calling 3x=1000 by the name of z
|
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Situation 2

A puzzled student-teacher comes to see me, wittraepages of her students' wéik.
She had read numbers aloud and the students hadt¢othem down with digits. A
few examples of what they did:

What she said What they wrote
one thousand, two hundred and 1000200305
thirty-and-five"
two thousand, six hundred and nineteen 200060019
three thousand and twelve 300012

As | said, she brouglgeveralpages, all full of work like that, and she sai@ stas
absolutely lost, that she had ideaof what was going on. As soon as | pointed out to
her that maybe they were writingords with digits shesawwhat had happened. Her
face lit up like when we suddenseethe solution of a problem that was challenging
us, and the solution now @bvious She could not see the “obvious” before.

The key point is that the teacher could not produec®mn-deficit reading of the
students' statement: mathematical meanings antiwiging dominated her thinking,
and the situation became puzzling.

We may speculate that the objects they were workiith were words, not
numbers, something quite reasonable, given thaketeher waspeaking The digits,
in that activity, had been given a meaning simitathat of letters and as much as in
written languages there are different patterns égpressing similar sounds, those

12| once had a very interesting conversation withrABell, at the time when he was my Ph.D.
supervisor. He argued that when a store-clerk gipsthe right change by ‘adding up' he is
actually doing a subtraction. For instance, | hvpay $35 and give a $100 bill to the clerk. He
gives me a $5 bill and says 'forty’, gives me al§illaand says 'fifty’', and finally gives me a $50
bill and says 'a hundred'. | argued that this amidgla subtraction were quite different things,
as, unless the clerk wants to pay attention to hmweh he returned, he will not know, in the
end, the change given (try this out in shops witlihase modern machines!). And how can we
call 'subtraction' an operation that in the endidsaus without knowing ‘the result of the sub-
traction’? Shouldn't we better call that a 'chagiyeng’ operation? The same argument applies
to 'sharing' and 'division'.

13n Brazil it is not uncommon that student-teachenws aready teaching on their own, in
schools; this is a consequence of the huge défidite numbers of certified teachers.

14That is how it would be in Portuguese, insteadhifty-five'.



children 'wrote' thirty-and-five as 305 (see na2¢ Aut nineteen as ¥8Because those
meanings are not legitimate in the MM - if one ‘temtly” reads back aloud the num-
bers the children wrote, they will not sound theneaas what the teacher said, for
instance - and because the teacher was initialyan@re of the possibility of non-
mathematical meanings, she could not “explain ther's and all she could do was to
insist to the children that they had made a mistakd that the right way was such and
such, so no productive interaction was likely tpen.

Situation 3 (borrowed from Deborah Ball and Hyman Bass, anéredeéd - | added
student D)
Students are working on multiplication. One iterd7sx 25. Four solutions:

Regular Lecture

student A student B student C student D
47 47 47 47
x25 x25 x25 x25
235 175 35+ 340
94+ 100+ 200 125+
1175 1175 140 1175
800
1175

What's going on in each case? Student A's solstionld be easy teee The readers
are invited to work out student B's and studentsGlations, but | would like to call
the attention of the reader to student D's solution

Every single time | presented this situation, thiy amderstanding the audiences
produced was that student D had copiedrtwilt from a colleague. When | asked
why, then, he had not also copied the middle nusjlibey replied that he did not had
time, the teacher had looked in his direction, E&ir enough, thas a possibility.

But what if student D wasery good at mental calculation, although the only
thing he couldsay about those middle numbers was that they had tihdre in the
presentationof the solution, and also the '+' sign: that waes mheaningstudent D
produced for that ‘diagram’. So, he did it mentalhd filled in the middle numbers
with whatever numbers that came to his mind. Thed & a possibility, and one that
comes from an attempted, fictional, non-deficitdieg. How to decide what was
actually going on? The only way heredsaskstudent D, he has to tell the teacher his
justification (as in the MSF).

The key point, here, is that for this student, tingkin terms of the ‘looks of the
presentation of the solution’ was a legitimate ghia do, and as he believed in it, he
acted accordingly. Not aware of the need to acaksat non-mathematical meanings,
the audiences opted to assume that the studenthested — something that, un-
wanted as it may be, is acknowledged as legitinmatests, from the point of view of
students, at least.

Situation 4 Thales
| was teaching an undergraduate mathematics cande as an introduction, had
shown to them a situation Deborah Ball had crééted

15 19 is written, in Portuguese, 'dezenove’, thatlaz e nove', literally 'ten and nine’, but sur-
prisingly few people notice this unless someon@fgat out to them.
18 | have taken the idea, but not used any numbebsiab Ball had actually picked.



A primary school teacher has taught her studentsitaon ordering
decimal numbers. She now wants to prepare a test, has
developed three sets of decimal numbers, but waritelude only
one of the in the test, with the requirement thatstudents arrange
the four decimal numbers in decreasing order:

N
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a) 0.15 1.7 271 32.]
b) 1.2 0.13 0.232 13.9
C) 9.08 0.75 3.72 0.068

Regular Lecture

The question is:
Should she prefer any of the three items to thereth

After presenting a number of people with this ditura she noticed that much more
often than not, (school) mathematics teachersthaigl would choose item (b), while
(university) mathematics professors said it didmeake much difference. When | tried
this in Brazil | got quite similar results. The readnay wish to take a minute to think
about this: why did teachers choose item (b)?

The answer seems to be that teachers know thatnssudeite often, when
comparing decimal numbers, simply drop the decidwmland compare the numbers
resulting from the remaining digits. And only irrit (b) this procedure will fail to
produce a correct answer...!

The whole point is, and this is the reason | preskand discussed this situation
with my students, that for the mathematics professihe mathematicians, 'droping
the decimal dot' is not Egitimate operation, or action, on decimal numbers. So, |
gave this single example, pointed that out and &aitiem: "The teacher has to read
his or her students, and reading is this, it isngryto produce a non-deficit under-
standing of the students' thinking". Maybe 15 masutlapsed.

At the end of the following lesson one of my studetame to see me; he was
already teaching at a school (as in situation 2)skid that because of what | had said
in the previous lesson, he had been able to solwystery that challenged him for
some time. He had given a test to his studentsctwinicluded the following item,
related to Thales theorem (figure below):
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(A) (8)
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He said that almost all of his students had gotad (B) right, but only very few got
(C) right, and he could not find any visible reasonthat, until after | had said what |
said, when he went back to the test sheetsandt immediately

Students who got (A) right, used the schefne 1—5 , while students who got (B)

5
right used—); = 5 . My student said that at the time of marking &g he thought the

solutions to (B) to be unexpected, as in the ctessarhe had always composed the
ratios with the quantities corresponding to segmgnibg on a same line, so in (B) he

. : X 7
expected them to write, for mstancg,: 5 as he had never showed to them that the

two schemes were equivalent.

As he took aboard what | had said, and startediitck tabout non-mathematical
meanings, he immediately realised that the meaningshad guided their actions-
solutions was not directly related to Thales' tkenrApparently they knew that they
had to set up a proportion and then to solve ikfdout the choice of what went where
in the proportion was guided by the visual dispositof the elements on each
subitem. In (A) the x isbovethe 4, so in the first ratio the x should alscadpove the
4, and similarly with the second ratio. In (B) thé above the 7, so in the first ratio it
also goes above the 7. And so on.

And then the solution to the mystery slowly emerfeen within the mists. As
he examined his students' “wrong” solutions to (@,realised that in all cases they

12
had used the schen'i% :—;, in complete coherence with what they had don@)n

and (B).

There are two key points | want to emphasise.

First, as | said above, the principles and todierefl by the MSF, together with a
few exemplary examples (in this case a single ocer), make a huge difference in
teachers' capacity to read what his or her studayt®r do. Also this worked well for
a teacher with little experience, and that eache tamnew instance of that kind of
reading will happen, which is much more importamart the teacher's repertoire



growing, his feeling for that kind of situation atitht kind of process will be more
refined.

Second, as much as in Deborah Ball's example thzadl presented to my
students, in the case of this teacher it was ttrednction of theheoreticalnotion of
non-mathematical meanings that solved the mystery.
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Some discussion

Those examples could be multiplied many times, eeitfrom actual classroom

situations or from fictional ones. And they wouldnte from primary school class-

rooms through to university level mathematics cesiré.ins et al., 2002), and would
be related to any situation that a mathematicshmawould call 'mathematical’ - pure
or applied, word problems or theorems, definitionsnodels. Also, it does not matter
if we are dealing with situations that “look righ#is in situation 4, (a) to (c), situations
that “look wrong”, that is, where we can clearle ¢bat the answer is wrong, or if we
are preparing ourselves to teach, as in DebordrsBlaicimals choice situation.

From a purely practical, classroom, point of visamneone might say that what is
in the examples above could be elicited and diszlisgthout any reference to the
MSF and to the notions it proposes, and | wouldeh@avagree with him or her to that
extent.

But the introduction of the MSF has a key impactwio aspects related to those
practical situations.

First, the notions proposed by the MSF offer a ganprinciple -read the
students and tools for actually exercising that principléMhat are the objects the
students are thinking about/with? What are the nregmthey are producing for those
objects Those two questions have a degree of generdlit makes them flexible
enough to be equally useful to beginning teachedsta experienced teachers. There
should be no doubt that experience in performirg teading makes one more able to
see but this is not so because experience may giteaeher a bigger repertoire of
typical situations: what one develops is an acintalition and ahabit of doing it, to
the extent that at some point producing non-defedtdings becomes automatic, and
that is what makes the introduction of those thimakconstructs relevant in teacher
education. | think this is a significant aspecttloé professional development of the
teacher, as it will greatly improve the possitglitiof productive interaction, which at
the same time it definitively putting the studeatshe centre of the teacher's voluntary
attention. And in saying this, | want to point d@bat it is the support of a theoretical
model that allows me to propose and discuss sutibrsoand to examine meaning
production processes in a sufficiently detailed wag as to make this kind of
mathematical experience a rich environment forgssibnal development.

Japanese teachers refer to a practice called 'ayonkich means looking at the
student aiming aseeinghim or her with the intention of doing somethinghtelp the
student to learn this or that, and then doing sbimgt But what is the teacher to look
for as he ‘looks at’ the student? The MSF offersaaswer: objects and meanings as
proposed in the model.

The second aspect in which the introduction of Mf&F has an impact is the
understanding one has of the very practice of tathematics teacher, an aspect that
has, naturally, quite deep implications on what comsiders adequate for mathema-
tics teacher education.

It should be fairly obvious to anyone who is, os lieen, a mathematics teacher,
that in the classroom there is not 'the mathemaiit®ne side and 'the pedagogy' on
the other; as the teacher makes decisions andatdlans, considerations of all sorts
are involved. Even teachers who simply lecture fttegshematics' take that decision

Regular Lecture
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based on beliefs about how learning happens, Weatiathematics' is, or what 'think-
ing mathematically' is, even if those consideraioemain at an ideological level.

But if things are not separate, why should one eivgc- as too many people still
do - the professional education and developmemhathematics teachers as if they
were? As | mentioned on the Introduction, colleagliee Tom Cooney have dealt
with this problem by proposing development expearén(courses, for instance) in
which the mathematical discussion goes hand in katidthe pedagogical discussion.
As | said before, | think we should go one stephfer.

The introduction of the MSF brings about the fhettf from its point of view, the
mathematics of a mathematics teacher is neithebses of the content and methods of
the mathematics of the mathematician - those pahieh are relevant to school
mathematics, resulting fromRidactical Transposition(Chevallard) - nor is it a sort
of ethnomathematics of the teacher. It is direttgutocessesndinteraction and not
to characterise what mathematics is - and fromettkfining right and wrong and
what should be properly taught - or to enable #aster to control what is right and
wrong in what students are saying or doing, as ithie case with the model of
Conceptual Fields, proposed by Gérard Vergnaud.iAschot intended to describe or
prescribe what the teacher knows or should knowtrafiks or should think about
mathematics; instead, the MMT consists of an awemgif and a willingness to read
meaning production processés

More simply put, the MSF is aimed at ‘understandasgknowing the students
thinking with the intention of interacting with thénmand not at understanding as
‘being able to explain the erroins order to correct them That is, the MSF and the
MMT primarily have to do with thetudents

The stance taken by the MSF creates some symmeting ipower relations in the
classroom and in the whole learning process, ankeseespect an intrinsic part of
those classroom processes: as a teacher | am asitop to say to my students “|
think | understand how you are thinking; | am thingkdifferently. Would you like to
take a look at how | am thinking? This may help yownderstand what | am trying to
teach you”, and this will not represent at all #erapt to 'erase’ students' other ways
of thinking, but precisely axpandingheir thinking possibilitie¥®

All that said, | can now move to the next sectiwhgre a characterisation of the
mathematics of the mathematics teacher is proposed.

Regular Lecture

The mathematics of the mathematics teacher
The mathematics of the mathematics teacher is cheniaed by its acceptance of non-
mathematical meanings for things that might be wtise called ‘mathematics’.

In some cases those non-mathematical meanings wite well-known and
accepted in schools, for instance ‘equations aatedwalances’, which are actually
used as resources to (supposedly) facilitate legfAi?° But there are many instances

17 To a great extent, this is a characterisation doas not depend on the ‘subject matter’ being
or not being ‘mathematics’. But as | shall clarifydr, the fact that the ‘subject matter’ is mathe-
matics, together with what the mathematics of tlehematician is, does give very peculiar

tones to the MMT.

18 perhaps one could draw a parallel here, betweeniewpoints and those defended by Paul

Feyerabend, in hidgainst Method

19 Elsewhere | have argued that the supposed faitlitanay end up in tragedy: the teacher

moves away from one ‘metaphor’ to another, butdtsgo tell the students about the move. As
in Situation 1, the possibility of interaction isrously harmed. Other examples are abundant:
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in which the non-mathematical meanings are onlyewstdod or explained as errors,
as in Situation 2 and Situation 3; these are efisituations because the statements o
student and teacher do not agree, but as Situdtishows, an agreement in the
statements can be equally problematic as the psas¥slds.

The MMT accepts non-mathematical meaningtegiimate for the studenand
for that reasonlegitimate in the classroom; that is why the kemchas to engage in
trying to produce a non-deficit reading of what #tedents' are saying or doing. The
spatial disposition of elements in a drawing orgddn count; decimal dots can be
disregarded; ‘space’ is a natural notion - anchglsione, not the many 'vector space’,
'metric space’, 'topological space' and so on -glade’ a naturalised one, not the one
defined in the mathematics of the mathematiciaa [$es et al., 2003).

Let us emphasise this here: the MMT, as | undedsiians not characterised on
the basis of content or ways of establishing trutkean saying this in order to mark
my intention as clearly as possible. If a matheesattacher must or must not know
this or that part of statistics, algebra or anyeottontent of mathematics, is, in itself, a
guestion to be decided on the basis of curricuidsnahds, a policy matter, and on the
basis of which of those contents can be suitabgdue promote the discussion of
meaning production processes, difference and rgatim students (as in Lins, 2002,
2004), precisely because, independently of anyetinthe mathematics teacher has to
read his or her students in ordeisgewhat is happening and become able to promote
interaction.

The issue just mentioned above - secondary fronpdire of view of this paper,
but equally important - is that of the mathematmdlication of mathematics teachers,
initial and continued development. What kind of esignces can provide the teacher
with an awareness of difference in meaning prodacéind promote the development
of the ability to read meaning production proce®sks Brazil, prospective mathe-
matics teachers take courses on calculus, absilgebra, linear algebra, analysis,
metric spaces and topology, and so on, almost alvilym the perspective of the
mathematics of the mathematician. Why?

Current discourse makes reference to ‘content tabght in school’ - as defined
by local demands - and to ‘foundations’. When lgidar the first, | have to ask my-
self why not requiring them to take mostly coursiest actually deadlirectly with
school mathematics. When | consider the secondyé o ask myself whether or not
Euler - who knew nothing of s andds, groups and rings and fields, vector spaces,
non-Euclidean geometries - would imathematicallyqualified to be a school teacher
nowadays.

This is not to say that courses structured arohedntathematics of the mathe-
matician are of no use. They might be, particuladymeans to discuss difference and
meaning production (mathematical meanings/non-maditical meanings); | will
state, however without providing here any furthgpmort of this statement, that the
categoriesthat structure the mathematics of the mathematiaa seen in the names
and syllabi of mathematics courses) generally affach less opportunities to provide
prospective teachers with the experiences they,nbad other categories; in the last
section | will comment a little more on this .

Regular Lecture

begin with ‘decimal numbers as money’ and then iplylt$3.20 by $4.00, getting the result
12.80 square $; begin with ‘fractions as cake sliaed then multiply cake slices. And so on.
20 Much of that acceptance relies on the idea ttenihthematical meaning of ‘equation’ iis,
fact, theessencef what is being said in relation to the scaleabak. See, for instance, my criti-
gue of this in Lins (1992)
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Summarising; The MMT is to be characterised in &h meaning production
processes and legitimate modes of meaning produyatiot in terms of content. The
central aim is to broaden the scope of meaningepable,readable -that is, the
centre is in theeadingcapacity of the teacher, which is directedards the students
- not to narrow the content - that is, the cergnedt in the reproductory capacity of the
teacher. And, in didactical terms, we must alwagarhin mind that the student has the
right to know when meaning production by the teachengbsa.

That leads us to the next section.

Regular Lecture

The mathematics of the mathematiciar’

The most distinctive feature of the MM is that a®rs as things are defined that is
what theyare and will be until further noticeOr, just to create an image: there is no
other area of the human endeavour in which itstipi@eers have so much control
over what the things they deal with are or are asthe mathematics of the mathema-
tician.

The MM is a deductive science, but without theidddive feature | have pointed
out, the deductive chains would not work the wagytto in the MM, as R. D. Laing
exemplifies in his booKnots

The logic through which one proceeds in the eghbient of truths might vary -
classical, para-consistent or fuzzy, for instanbat-this simply creates new fields, not
necessarily conflicts. The central feature of th®l WMemains untouched: things are
definedAnd defining, saying “this is this and that istthamounts, in fact, to meaning
production as proposed by the MSF. In other wotks, MM circumscribes what
things are, by opting for a definitional mode of aning production. Moreover,
definitions in the MM are used tmnstituteobjects, not talescribeobjects.

In short, what the MM is today is the result ofragess of a kind of “cleansing”
that began roughly in the first half of the 19tmitey and was somewhat settled by
the 1930’s with the Bourbaki initiative. Intuitioependent on the “physical world”
were banned, in order to avoid “mistakes” generdtedfalse perceptions”. From
Hamilton onwards, integers were no more than coostms, creations based on other
soundly created things, and not debatable thihgsd Cantor’'s administration of an
infinity bigger than another definitely set the caer of the Mathematician’s Garden
(Lins, 2004).

This is my main point here: this process was da@dbwardsrestricting the
meanings that were legitimate to be produced falazethings within mathematics,
named ‘real numbers’, ‘limit’, ‘infinity’, and sorg and, by doing that, restricting the
authority to talk about 'mathematics' to those wghack to the definitional mode of
meaning production - abstract, non-'concretes firie, in the MM, to define 'surreal
numbers' and develop a whole theory about therm ghaugh they look like numbers
as much as bees and elephants resemble one anBtitesurreal numbers are
legitimatein the MM regardless of the fact that they gerestanterest in studying

2L A disclaimer: this section is not intendiedthe leastto be a fully fledged discussion of the
MM, as it only discusses aspects of it which | ddesrelevant to better situate the discussion
of the previous section; elsewhere the MM will ligcdssed in depth, in terms of meaning pro-
duction.

2|n the 17th century, Leibniz was challenged by theologist Arnaud, who argued that this
thing of negative numbers was an absurdity, onck:4t-1 implies a situation in which a small-
ler is to a greater as a greater is to a smalkshrliz answered to Arnaud's objection, saying that
Arnaud was right to that extent, but that nevegbeglhe (Leibniz) would go on using negative
numbers, becauskey workedsee Lins, 1992).
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them; they are legitimate because they confornhéolégitimate modes of meaning
production in the MM.

Most of thefacts of mathematics - its theorems, propositions praweebe true -
were preserved in that process, although what tieégrred to had substantially
changed. It is quite likely that Euler knew thag¢ gum function of two functions con-
tinuous at an interval is continuous, although dtimn’ and ‘continuous’ were, for
him, something quite different from what they ayday.

Contentwise - in the sense of the statements tHeessethings were preserved.
Meaningwise, they were not. And, similarly, even sfatementwise things are
preserved - from the teachers’ point of view - tasients speak/do, meaningwise they
might not be. And even more so, there are studst@ments that don't even agree
with the teacher’s, and still they have to be ustberdin their own terms

Culturally, everything the mathematician says about mathematiright — mis-
takes discounted, of coufdemathematicians are precisely the people who hiage
authority to say what is right and what is wrongriathematics, and this is a result of
the process of professionalisation related todleanhsing' | mentioned.But students
- and most people in the world, for that mattemew nothing of that, so they may
have other views; they might want to say thingsrtahematician wouldn’t. And the
mathematics teacher has to deal with that.

It is in this precise sense, that the MMT is ‘bigghan the MM, that the former
encompasses the latter: everything the mathematicém say about ‘mathematical
matters’, the teacher - and, more importantly, shelent - might eventually say, but
not the other way round.

This shows that meaningwise the MMT encompasseMiiethat is: in a sense,
Mathematics is a subfield of Mathematics Education.

Regular Lecture

Final remarks and directions

In this paper | attempted to provide an understagndif the professional practice of
the mathematics teacher that deviates from thetitvadl understanding. Instead of
being the person who will try to teach his or heidents some part of mathematics -
applied, in models, pure or whatever - then chebkther the students are responding
“well” to the teaching and, if necessary, triesctwrect what is wrong, | propose that
the centre of the teacher's practice is to read thieastudents are saying/doing so that
interaction can happen. And interaction is to beanstood, here, as 'sharing modes of
meaning production’, so teaching becomes a mdttrtural immersion.

But in order to do that, the mathematics teachsrtd&now a mathematics that is
neither the mathematics of the mathematician, aaricever be described in terms of
content, as we are dealing with processes. For¢agbn | characterised the MMT in
terms of meaning production processes, based dd#te

2 One notable case comes to mind, that of ‘Cauchyssake’. In Baldino et al. (2001), how-
ever, the authors argue that Cauchy did not makeistdke’, instead he ‘thought differently’
from what is today the current view.

24 Referring back to footnote 17, it was not a probkat Arnaud had said what he said, as
anyone can say whatever s/he wants. But it is duiit|guing that Leibniz took time to answer
to Arnaud's objection. Would that happen todayrEf/eelated to a more 'sophisticated' mathe-
matical subject, the mathematician's answer - éfghwould be one at all - would probably
resemble Louis Armstrong's reply to a woman who askled him "Mr. Armstrong, what is
Jazz?": "As long as | have to explain it to yousiuseless doing it...". (Se non é vero, é bene
trovato)
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Apart from the consequences | have already poiatedthere are others worth
discussing, but for the sake of the length of fiaiper | will consider only one of them.

We must seriously consider the question “what lkohchathematical experiences
are adequate for the professional development dhenaatics teachers?”, already
mentioned in this paper. More specifically, we némdnvestigate to what extent the
courses we offer today to mathematics teacherg—anrd in-service - can foster the
development of an awareness of difference, in #mse of meaning production. Can
(pure) mathematics courses provide that? Can pggagnrses - general pedagogy or
methods courses - provide that?

Almost a century ago, Felix Klein wrote, in therbduction to hisElementary
mathematics from an advanced standpoint

“[...] For a long time [...] university men were conoed exclusively

with their sciences, without giving a thought t@ theeds of schools,
without even caring to establish a connection sithool mathematics.
What was the result of this practice? The youngersity student found
himself, at the outset, confronted with problemsclidid not suggest,
in any particular, the things with which he hadbeencerned at school.
Naturally he forgot these things quickly and thayly. When, after

finishing his course of study, he became a teadteeisuddenly found
himself expected to teach the traditional elemgnmaathematics in the
old pedantic way; and, since he was scarcely ainaided, to discern
any connection between this task and his univemsiathematics, he
soon fell in with the time honored way of teachiagd his university

studies remained only a more or less pleasant membich had no

influence upon his teaching”

| am tempted to say that the situation has barfeiynged in many, if not most, places.
As s/he enters the teaching profession, after thieetsity studies, the teacher will

almost always take his or her own school experieaxc¢he reference for his or her
teaching - but | will refrain from assuming thisfirl, because the report of a survey
by Wilson, Floden and Ferrini-Mundy (2001) showattthere is no sound corpus of
research examining the impact of content courseshenactual practice of future

mathematics teachers; even adequate proceduresufidr studies are yet to be
developed. The strong suggestion is that we neefutly designed and conducted

studies to examine this situation, and we neech, tttedevelop sets of categories that
can actually have an impact, through mathematiashier education, in the actual
practice of teachers.

The characterisation of the MMT | have offered mxuJehink, the reference post
for mathematics teacher education and developmestiead of 'mathematics' plus
'‘pedagogy’, the reference post must be in 'mathesnaducation’. Mathematics
teachers need courses on mathematics educatiasesahat can emulate actual class-
room environments and the thinking that goes orethed the kinds of demands s/he
is subjected to in that professional practice (leéhsl., 2002). And, repeating what |
have said before, it is central that in mathemagidacations courses, mathematics
teachers experience and discuss meaning prodyntmesses, non-mathematical and
mathematical meanings and the differences betwesn.t

This seems at least a quite promising way to Hedntto “learn” the mathema-
tics of the mathematics teacher, a key part otakk of promotingeducation through
mathematics
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