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Freedom is the freedom to say that two plus two mfke.
If that is granted, all else follows. (George Orwell1984)

Regular Lecture

Introduction
My goal is to explore the relationship between

Mathematics and “mathematical literacy”

in a way that might provoke a critical analysigtod many appealing, but often rather
vague, claims made by the advocates of “mathenhditesacy”. My hope is that this
might help those in other countries to avoid sofrta® pitfalls that have characterized
developments in England in the last 25 years, whaienilar paradigm-shift occurred
after the publication of the Cockcroft report (Coakt, 1982).

Mathematics is more permanent than perhaps any btiean cultural activity. In
contrast, in many western democracies concern dbmthematical literacy” (ML) is
of relatively recent origin. Mathematics and mathé&os education inhabit different
worlds. The mathematical universe may be more pezntathan that of mathematics
education, but mathematicians have to acceptthatinciples and insights need to be
mediated in various ways before they can becomeffactive part of the world of
mathematics education. Similarly, if mathematicsigadion in general - and ML in
particular - are to benefit from their associatiorthe public mind with the objective
universe of “mathematics”, they are obliged to esent that universe faithfully when
mediating its subject matter for the more pragmaticld of schools, of teachers and
students, of politicians and bureaucrats, of culaicand examinations. Thus, in
seeking to find improved approaches to elementathematics, we are not “free” to
replace its objective character by something maisef-friendly”, but are obliged to
respect the fundamental nature of the discipline.

In Peter Shaffer's plahmadeus Mozart represents God (or here Mathematics, the
eternal), while Salieri represents Mammon (for usathematical literacy” - the
transient). Salieri is “flavour of the month”, bhis influence is short-term and
superficial. In contrast, Mozart represents therestathat Man can come to God. In
Shaffer’s play Salieri understands this contrastgodly well, and resents it bitterly:

“God needed Mozart to let himself into the world.
And Mozart needed me [Salieri] to get him worldbvancement.”

Salieri consistently exploits his temporal influeno cut the “God” Mozart down to
size:
“What use, after all, is Man, if not to teach Gadsl lessons?”



the world’s judgement. After the first performanct The Marriage of Figarohe
muses:
“Could one catch a realer moment? :
The disguises of opera had been invented for Mozart )
The final reconciliation melted sight.
Through my tears | saw the Emperor yawn.”
Emperor [coolly]: “Most ingenious Mozart. You aremniing along
nicely.”

Salieri clearly understands the perfection of Mtgaart and the relative crassness of ‘
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Later Mozart, close to death, is reduced to repegadirchildish tune and Salieri is
jubilant:

“Reduce the man: reduce the God. Behold my vofilléad.
The profoundest voice in the world reduced to aenyrshyme.”

Politicians (the Emperor) may misconstrue and tlizégamathematics; but mathe-
matics educators should resist any temptationke #alvantage of this distortion, and
should never join with those who seek to replaég ‘tniversal heavenly music” by
mere “tunes for the masses”. Mathematics teachiag loe less effective than most of
us would like; but we should hesitate before emhrache idea that school
mathematics wouldutomaticallybe more effective on a large scale if the curtioul
focused first on “useful mathematics for all” (nuaey), with more formal, more
abstract mathematics to follow for the few. Exper@iin England (and elsewhere)
suggests that such a program may be possible ifisomdling to restrict the initial
focus to truly basic material (integers, fractiodscimals, proportion, word problems,
algebra and geometry), and to teach it in a wayckvhprepares the ground for
subsequent developments; but one should not beiseotgf such a program turns out
to look strangely like what good mathematics teagliias always been.

There is no royal road to mathematics. Plausiblerdimg reform rhetoric rarely
translates into large scale improvement at thekéqed; so when faced with some new
proposal, we have no choice but to exercise judgenmeorder to assess its likely
efficacy. In the last decade, thousands of pages h&en written on the general
themes of “numeracy” and ML. So far, they remaimgddy on the level of rhetoric.
We may all agree that, despite the artificialitytioé school context, we should try to
ensure that students experience school mathensetissmething “useable”. But there
is as yet little concrete evidence to suggestahaiajor shift of emphasis of the kind
proposed by advocates of ML would lead to widesprieggtovement. Reforms in
mathematics education (whether “new math”, or “peobsolving”, or “technology”,
or “discrete math”, or “discovery learning”, ordtk to basics”, or “constructivism”)
sometimes take hold because political events - siscBputnik, or the TIMSS and
PISA results, or an official inquiry - create caimhs in which a new magic fix is
welcomed without subjecting it to the obvious cati analysis. In such conditions
Snake-Oil salesmen flourish, and even those withebbproducts to sell can get a
little carried away.

“Mathematical literacy” and numeracy are often préed as though they were
alternativesto traditional school mathematics, rather thpnproductsof effective
instruction (like “literacy” or “maturity”). Politians and employers naturally seize
upon this suggestion that there may be a pragmatiading alternative to “difficult”



mathematics; bureaucrats then imagine that focumingumeracy from the outset will
deliver what they see as the required (utilitafiaamd-product more directly and more
cheaply; and, sadly, some educationists see thedjgen shift as an opportunity to
further undermine the idea of mathematics as tlkbetypal “objective” discipline.
Thus it is important

» to look beneath the plausible-sounding surfaceéovehether the claims made for
ML, and its siblings “numeracy” and “quantitativeeliacy” (QL), make sense

* to ask whether there is a real danger that the emphasis on “mathematical
literacy’ may become the latest in a series of bandwagdrose/negative effects
will eventually outweigh any possible benefits

e to start work towards a possibly more useful intetgtion of “mathematical
literacy”.
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As long as “success” in teaching mathematics taasnaudience remains elusive, we
are obliged to explore alternative ways of teachihg subject at school level.
However, experience suggests that there is no niadiet: “success” may elude us
because mathematics and mathematics teachingnapéy siard And if this is indeed
the case, improvement may depend on painstakingctitél analysis, followed by
design, piloting and planned implementationnoeddestchanges to current practice,
rather than on some brand new paradigm. So we ¢lagitate before embracing the
latest substitute for traditional school mathensateEnd be prepared to return to the
mundane world of identifying central principlesdao the hard graft of devising and
testing incremental improvements. In particulag, should avoid being carried along
on a flood of overstated rhetoric - of which thédwing is just one of many examples
(Steen, 2001):

“Unlike mathematics, which is primarily about a t®lsic realm of

abstract structures, numeracy is often anchoredta derived from and
attached to, the empirical world ... [and] does rotaich lead upward
in an ascending pursuit of abstraction as it mawatsvard toward an
ever richer engagement with life’s diverse contextd situations.”

Rather we should heed the warning of Hyman Basstéguin (Steen, 2004)), who
describes with uncanny accuracy what happened inakagn the late 1980s and
1990s:

“the main danger ... is the impulse to convert a magart of the
curriculum to this form of instruction. The resndiloss of learning of
general (abstract) principles may then deprive kba&ner of the
foundation necessary for recognizing how the samsthematics
witnessed in one context in fact applies to maimeis.”

The origin of numeracy
The concept of humeracy emerged in the Crowtherrtd@yowther, 1959), where
“numerate” is defined as

“a word to represent the mirror image of literacyan understanding of
the scientific approach to the study of phenomenabservation,
hypothesis, experiment, verification [- and] theediein the modern



world to think quantitatively. Statistical ignorancand statistical
fallacies are quite as widespread and quite asetang as the logical
fallacies which come under the heading of illitgtac
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The inclusion of “statistical ignorance” in this defion of “numeracy” is interesting, )
since at that time few mathematics teachers woane libeen in a position to do much
about it. However, this claim that statistical idesinould be an integral part of basic
numeracy resurfaced in the Cockcroft report (Coakcl982), where the topic was
included as part of thefFoundation list(paragraph 458) of material for all students,
despite the admission hidden away in paragraph ti@# “surprisingly few of the
submissions which we have received have made dieéetence to the teaching of
statistics”!
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lll-defined statistical examples are regularly udeyl advocates of “quantitative
literacy”. But they never admit that achieving catence in probability and statistics
is unrealistic - for these are subtle disciplingkjch have fooled all of us more often
than we would care to admit. Moreover, it is neaeknowledged that statistical data
as generally presented by politicians, in advartests, or in the press, is often slanted
to persuadeto mislead or toimpress rather than to inform, so that expeatso have
trouble assessing the truth of what is claimeds ttlearly optimistic to imagine that
one can educate John Doe to do better.

Data Handlingis now one of the three content strands in the iEmgNational
Curriculum; and after 15 years of repeated refimgmthe structure, wording and
interpretation of this strand still reveal the weegs of the “didactical analysis” on
which it is based. Easy work on relative frequenog @nterpreting data certainly
warrant attention within school mathematics; butadimg 20-30% of teaching time to
Mickey Mouse statistics, as is now common in Enghigih schools, has done much
harm: it has reduced the time spent on importarternad, has failed to reduce the
level of “statistical ignorance” in the general pégion, and may well have
contributed to the apparent decrease in interesstatistics among mathematics
undergraduates. Yet the dogma that “data handisghore important for ordinary
students than some of the traditional core teclasquhich it inevitably displaces
remains apparently impervious to any criticism. Esample, even when a recent
government report (Smith, 2004) - written by a fernPresident of the Royal
Statistical Society - recommended unambiguously

“an immediate review of the future role and positing of Statistics and
Data Handling within the overall curriculum ... infoed by a
recognition of the need to restore more time to thathematics
curriculum for the reinforcement of core skills,chuas fluency in
algebra ...",

nothing happened! Officials and vested interestply closed ranks. It is all very
curious.

*%%



The fabulous statistics continued to pour out eftdlescreen. z
(George Orwell1984)
|
We shall see that the levels of attainment in aertadvanced” countries - both in
basic technique and in the ability to use the sistpmathematics - are currently so
low as to make any concern about “statistical ignoe” largely irrelevant! Hence,
rather than force school mathematics into the deatof trying to teach “statistics”
before the necessary mathematical and scientifiargtwork has been laid, it would
constitute a distinct improvement if we could agkie sufficient level of numerical
competence to produce a healthy scepticism townaangiene who appears to promise
“something-for-nothing”!
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Compared with many current advocates of QL, the @udkreport (Cockcroft, 1982)
set its initial sights at a more realistic leve}, dtarting out from the very basic notion
that: Numerate = dble to perform basic arithmetic operations”

However, it then introduced (paragraph 39) twatdwgss-to-fortune for which we
are still paying the ransom:

“the word ‘numerate’ [implies] the possession ofotattributes. The
first is an ‘at-homeness’ with numbers and an gbio make use of
mathematical skills which enables an individual dope with the
practical demands of his everyday life. The sedsrah ability to have
some appreciation and understanding of informatibich is presented
in mathematical terms, for instance in graphsytsta tables ...”

Unfortunately, Cockcroft failed to understand timathe absence ahastery there can
be no such thing asat-homeness’with numbers, and that appreciation and
understanding of information presented in mathesahtiorm presupposes&n ‘at-
homeness’ with, and a mastery of, the relevant ematttical language.

One consequence of Cockcroft’'s “two attributes”swhat for 15 years the
profession in England “talked the talk” of “at-honess with numbers”, without ever
sorting out what was needed to “walk the walk”. aAesult

e tables and standard written algorithms were widelgmed to be optional

« simple word problems and multi-step exercises wegected

« decimal arithmetic was delegated to the calculatat fractions were seen as
outmoded

» euclidean geometry, proportion and algebra wergedeas beyond most pupils,
and

» the freed curriculum time was absorbed by such ltiegeas “data-handling”.

The Cockcroft report came at a time when England stragygling with the need to
provide for “the bottom half” - a group which hadditionally been given a very raw
deal. The report was also overthilitarian, focusing on (school) mathematiftem
the point of view of the needs of employment ank déite generally(their brief did
include the needs of higher education, but theseived less attention). Its attempt to
address both issues at once was fatally flawedpatticular, its recommendation that
the curriculum be designéidom the bottom ugbased on its “Foundation list”) was
similar to “naive ML", in that it suggested that sch mathematics be conceived in
terms of a single curriculum “ladder” up which silidents climb - at different speeds



and to different heights - with pragmatieaidmeracy-for-all first, followed by
“mathematics-for-those-who-ingigater. The following examples indicate that at the
level of basic technique, this well-intentioned bluworoughly misguided, utilitarian
philosophy made it difficult for teachers and exaens to sustain the expectation that
large numbers of pupils should be expected to mdstthniques which in other
countries are routine. Later we shall present ewidghat the ability to use simple
mathematics has also suffered. This should seradasting warning to us all.

TIMSS-R (1999) (Age 13-14) International average Eyland

. 7003 Regular Lecture
- 4028
A.2035 B._2975 C.3005 D.3925 74% 51%

e 4722-1935=77

A.2.787 B.2.797 C.2.887 D.2.897 7% 58%

+ 0.003 [15.45

A.0515 B.5.15 C.515 D.515 E.5150 39% 16%
« (6/55)+ (3/25) = ?? 23% 4%
* Find the value of y if 12y-10 = & + 32 44% 26%

Concern about the quality of those graduating flogh school is not new. But the
level of concern in recent years has been unpretedeln 1995, after 15 years in
which “reformers” had introduced many untested desn(for example, (i) that
preoccupation with “mastery” of traditional contesftould give way to an emphasis
on “understanding”; (ii) that there should be aftsim emphasis from “product” to
“process”; (i) that the availability of calcula® replaced the need for everyone to
“learn their tables”; (iv) that decimal calculatmutputs could now replace the need to
master the arithmetic of fractions; (v) that Eudidegeometry should finally be laid to
rest with the ancient Greeks; (vi) that seriouselfg should be re-classified as
something which consenting adult enthusiasts mightallowed to engage in in
private; and (vii) that mathematics classrooms khde guided by “discovery”, by
children’s own“reasons”, and by “investigation”), mathematicianghe UK finally
lost patience - declaring (LMS, 1995) that:

“Mathematics, science and engineering departmeppea unanimous in their
perception of aualitativechange in the mathematical preparedness of in@pmin
students. Their criticisms ... concentrate on threi rageas.

4A Students enrolling on courses making heavy matheahatemands are
hampered by a serious lackesfsential technical facility [lacking]

fluency and reliability in numerical and algebraianipulation.

4B There is a marked decline in students’ analyticalgrs when faced

with simple two-step or multi-step problems.

4C Most students entering higher education no longdetstand that

mathematics is a precise discipline in which exadiable calculation,



logical exposition and proof play essential roles”.

Government at first tried to brush the evidencdadBut three weeks later the TIMSS
results were published, and people were forcedt tqpsand take notice. The resulting
Numeracy Strategwas an attempt to “plug the leak” at primary le\galt the central
problem has never been faced. Mathematics and oitlaed” subjects (including
physical sciences and languages) are in deep &olibke pool of students is simply
disappearing.

Year Total “academic” exams taken at age 18 Total Mis % Maths
Regular Lecture
1989 “100” “100” “100”
i ! !
2003 115 66 57

The number of undergraduates in England who majorathematics, and the number
who actually graduate, have declined only slightiyt this is because funding to
universities is based on recruitmemd retention universities are faced with a stark
choice: cheat (by passing those who should fail), or die. And ynamiversity
mathematics (and science) courses and departmavasrnfact been closed.

The situation in many other countries is worse. lwstrWestern countries numbers
staying on at school and proceeding to higher ddichave increased markedly; yet
the quantity and quality of those specializing irathematics at university have
slumped. The reasons may be partly social; but maties education has not done
enough to turn the tide.

The situation is serious. And when things get sigffity bad, it becomes more
tempting than ever to believe in the latest “mdnit and to throw out what is left of
the mathematical “baby” along with the bathwateet ¥ven those who are committed
to the idea that high school graduates should ke tabuse elementary mathematics
and make sense of simple quantitative informatiay rfind that the thousands of
pages devoted to reports on “mathematical literaayd “quantitative literacy” make
depressing reading. For most contributors writthaagh they do not know

« that mathematics and mathematics teaching are simapd

» that there is no “cheap alternative” to facing thet that abstraction is a crucial
part of elementary mathematics - almost from thisetu

e that countries like England have already tried warsiof what is now being
proposed elsewherand have paid the price

» that current abysmal levels of achievement indithéeneed for hard work and
incremental improvement, rather than the launcjebdfinother bandwagon.

My own attempts to pin down “mathematical literaddve called to mind nothing so
much as Lewis Carroll's classic parafibe hunting of the Snark Mathematical
literacy, like most other brands of educational &&&Oil”, would seem to be a
fiction, or “Snark”. And those who sacrifice schaohthematics to such a fiction may
eventually be obliged to admit that the “Snark i8@ojum” So | hope | will be
excused for sharing extracts from



The hunting of the Snark
An agony in Eight Fits
by Lewis Carroll
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“Just the place for a Snark!” the Bellman cried,
As he landed his crew with care;

Supporting each man on the top of the tide

By a finger entwined in his hair.

“Just the place for a Snark! | have said it twice: Regularliecturs
That alone should encourage the crew.

Just the place for a Snark! | have said it thrice:

What | tell you three times is true.”

He had bought a large map representing the sea,
Without the least vestige of land:

And the crew were much pleased when they foural it
A map they could all understand.

“What's the good of Mercator’s North Poles and Equst
Tropics, Zones and Meridian Lines?”

So the Bellman would cry: and the crew would reply
“They are merely conventional signs!”

“Other maps are such shapes, with their islandscapds!
But we've got our brave captain to thank”

(So the crew would protest) “that he's bought wshibst -----
A perfect and absolute blank!”

This was charming no doubt: but they shortly fount o
That the Captain they trusted so well

Had only one notion for crossing the ocean,

And that was to tingle his bell.

But the central moral is that, once one sets opuirsuit of an ill-defined quarry, the
“Snark” that one is busy hunting may turn out toé®oojum - and with horrible

consequences!

It's a Snark!” was the sound that first came tdrtears,
And seemed almost too good to be true.

Then followed a torrent of laughter and cheers:
Then the ominous words “It's a Boo---"

Then silence. Some fancied they heard in the air
A weary and wandering sigh

That sounded like “---jum!” but the others declare
It was only a breeze that went by.

In the midst of the word he was trying to say
In the midst of his laughter and glee,
He had softly and suddenly vanished away ----



For the Snarkvasa Boojum, you see.

In mathematics education as in life, mistakes avavaidable. But it is time we
learned openlyfrom these mistakes. So let us hope that in éytwthen a “reform”
promises much and delivers little, it will no lomdee allowed to “softly and suddenly
vanish away”, but will be openly analyzed in a wiaat might contribute to a
cumulative professional wisdom.

*kk
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Nothing is nobler than this endless struggle betwtbe truth of
today and the truth of yesterday. (George Sarton)

Failure is instructive. The person who really thérdkarns quite
as much from his failures as from his success@@hn Dewey)

In the space that remains | shall move tentatit@lyard what | hope may be a more
useful interpretation of “mathematical literacy”uBBfirst we have to answer the
question as to whether “numeracy” and “mathematitaacy” are essentiallgdult
competencies (like “maturity”), or whether “numeya@nd “mathematical literacy”
are things one can genuinely teach and assessaul $evel.

“Maturity” is highly desirable; but no-one wouldaiin that it should be “taught” or
assessed at school level: it is rather an eluswproductof an extended nurturing
process, which includes detailed attention to dewarof specific disciplines and
activities. In the same way it would seem that thatmeracyand mathematical
literacy are desirable by-products of school mathematidkidfis correct, then it may
make more sense to interpret “numeracy”, or “quatitie literacy”, as a basic
willingness to engage effectively with quantitaiivermation in simple settingand
to preserve the term “mathematical literacy” toaten

a more subtle, long-term aspiration (involving sienimsights
into the nature of elementary mathematics), whaimot be
centrally assessed, and which is likely to beatized if one tries.

Before we proceed on this basis we should admit tthia modest interpretation
contrasts starkly with mathematics literacyas defined by PISA Rrogram for
International Student Assessmen®DECD <www.pisa.oecd.org>), which rolls
everything into a single “capacity”:

“Mathematics literacys an individual's capacity

- to identify and understand the role that math&satiays in the world,
- to make well-founded mathematical judgements and

- to engage in mathematics,

in ways that meet the needs of that individual’'sent and future life
as a constructive, concerned and reflective citizen

This elusive notion PISA then claims to “measure”!

The PISA “definition” has a certain appeal. But ¢h@mples below show that it is far
too pretentious to lead to reliable assessmeph in a single classrognet alone



nationally or internationally. If one tries, theoptems used are bound to be culturally
biased; the marking schemes are likely to be aidifiand their implementation less
than robust! This may help to explain why a courtkg England, where basic
technique is so weak, showed up so well on (theiteebity small scale) PISA 2000.
Sadly, the whole PISA process (problems, methogplogmplementation,
interpretation, etc.) remains largely “hidden”; faxample, in the UK the details are
buried in theOffice for National Statisticswhich is not in the habit of engaging in
open academic debate! The neutral observers | knbw kave tried to make an
assessment of PISA have all come to the uncomiertebnclusion that there is
something seriously amiss at almost all level$efRISA program.
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The following problems illustrate students’ ability use elementary mathematics.
They are much simpler than those used in PISA. etweaknesses they reveal are
such as to make more complex assessment tasksisappropriate. These simple
tasks reveal basic obstructions to any attempetmgage effectively with quantitative
information in simple settings”; and their simpfjcimakes the observed outcomes
more telling. Moreover, they illustrate what hasppened in a country which
embraced “numeracy” 20 years before those who aewein headlong pursuit of this
educational phantasm. Their message is clear: thheeprefer Salieri to Mozart risk
landing upwith nothing worth having

TIMSS (1995: large sample of 13 and 14 year old<l3 years after Cockcroft!)

P13. A person’s heart is beating 72 times a minute. & thte, about how many
times does it beat in one hour?
A. 420 000 B. 42 000 €200 D. 420

Highest scoring country 86.8%
Average 63.8%
England 44.6%

2003: 83 f' year honours mathematics students aged 18, at aagbEnglish
university

Q1. Two cyclists Two cyclists, 42km apart, are heading towardsheather. They set
out at 8am. At 1lam they pass each other. Onelsat an average speed of 7.5
km/h. What is the average speed of the other ¢yclis

Successful 67%

Q2. Tom, Dick and Harry Tom and Dick take 2 hours to complete a job; 2ok
Harry take 3 hours to do the same job; Harry ananiTtake 4 hours for the job. How
long would all three of them take for the job - Wiog together?

Successful 0%

In 2004 the success rate of a similar class otaitewo problems was slightly higher.
But in both classes 80% of the students - who areng the most successful English
high school graduates in mathematics - tried tdv&0Q2 by writing “T + D = 2,
etc.” and so revealed that they had never leatmednibst basic lesson of all in school
algebra!

10



Mathematics instruction is never as effective aswould like. In countries with strict
social expectations and carefully structured teagHarge numbers of students master
basic methods rather well (e.g. the highest scodogntries achieved impressive
success rates on the TIMSS problems); yet theiestsiften declare a “distaste” for
mathematics. In countries with a more relaxedaatructure, students may say they
“like” mathematics, yet perform the most basic aheres in a way which obliges one
to ask what such a claim can possibly mean. Negkedh, the examples | have given
are definitely trying to tell us somethingnd it is time the advocates nfimeracy
“situated learning”, and “Realistic Mathematics Eafimn” tuned in and started to
listen. The English infrastructure may be weak, lughsexamples cannot be simply
shrugged off. They illustrate basic failures in st ability to use mathematics,
which donot arise because the importance of “numeracy” has heglected: indeed
for 20 years England has had little else.
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Even in countries where the links between curricyltemts and training have been
handled more carefully than in England (as | believéhe Netherlands) the reports
are worrying:

« ‘“realistic mathematics education” at school doesappear to encourage students
to pursue the study of mathematics at universitg; a

e those (few) students who do move on to highly nateecourses at university
seem to know very little, and know what they kn@markably inflexibly.

Something has clearly gone very wrongnd perhaps not only in Englarigut what?
Any summary is bound to be inadequate, but the ebthie problem in England (and
maybe elsewhere) would seem to be that we havesilgist of what constitute the key
ideas and methods of elementary mathematics, aval fiargotten” how much time
and effort is needed to lay foundations and to bgvBuency, precision and flexibility
with these ideas.

In struggling to be a little more precise we erdistunlikely helper! Antonio Gramsci

(1891-1937) was a radical, but enlightened Itaiammunist between the wars. As a
result of his activities, Gramsci spent long pesiaa prison, and used much of this
time for study and writing. His diaries are extemsand fascinating. In his diary for

1932 we read:

“The new concept of schools is in its romantic phasewhich the

replacement of “mechanical” by *“natural” methodsshhecome
unhealthily exaggerated. [...] Previously pupilsledst acquired a
certain baggage of concrete facts. Now there mdlllonger be any
baggage to put in order [...] The most paradoxicakesspf it all is that

this new type of school is advocated as being deatiocwhile in fact it

is destined not merely to perpetuate social diffees but to crystallize
them in Chinese complexities.”

In “turn of the century” England this “natural-iftillacy took many forms, such as:

e atouching faith in “students’ own methods”, evelmene this hinders their
progress
» adistaste for doing the groundwork of establistarrgbust fluency in basic

11



technique

« claims that it is “unnatural not to encourage tke af calculators”

« the idea that one can learn to “estimate” withokihg this toexactcalculation

« the confusion of “algebra” with subjective “pattespotting”

« the view that “abstraction” is off-putting and da@ avoided 2

e an insistence on embedding problems in “fake cdstexlespite the irrelevant
“noise” and confusion which then undermines théta purpose of the task

e a “behaviourist” belief that mathematics can beucsd to simple “outcomes”,
which can then be taught and assessed one at a forgetting that the hardest,
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and most rewarding, aspect of learning mathematitise challenge to integrate regular Lecture

simple steps into effective wholes.
The overall situation is also complicated by sock@nges, among which | single out

« the impact of mass education, and

« the fact that within a single generation, the hamh humano-scientific
Enlightenment ideal - that way of knowing and liviwgich struggles to combine
respect for truth with respect for humanity - haem almost swept away by a
breathtakingly cras&onsumer democracy”.

In place of the traditional image of life as an tlest, but rewarding, upward struggle”,
we have embraced the delusion of an endless, paidimvnhill “free ride”.

In this Humpty Dumpty world, theonsumeithe student!) is always right - no matter
how ignorant s’lhe may be, and everyone is encodragkave their own opinion, and
to use the power of modern communications to esptesa process which converges
inexorably to some lowest common denominator. Leddey and right and wrong,
have vanished; in their place we now have a potbot, ultimately vacuous,
combination of political opportunism and bureaucratic control through
accountability In such a world there is no such thing as tradél education, and
there can be no such thing as “mathematics”.

The mental universe of mathematics
Returning to the more restricted world of matheosaéducation, the biggest mistake
has perhaps been that we have lost sight of thé lmasge fact of all - namely that

the world of mathematics ismental universe

So if we are to open the minds of ordinary studéotthe power and flexibility of
genuine mathematics we must

« rediscover the fact that mathematics is in someswagscapablyabstractfrom
the very beginning, and that effective mathemdgeghing has to reflect this fact
(in a sensitive way), and

e concentrate on identifying - and achieving mastérycore techniques, which are
routinely linked flexibly into multi-step wholes teolve extendedexercises and
problems.
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Motivation using suitably chosen “real” problems)dathe application of learned
techniques to everyday problems are important. tButchieve the kind of mastery
and “at-homeness” needed to make mathematical sefisthe simplest “real”
problems, students must be able to move aroundyfieside the mental universe
which constitutes “elementary mathematics”. Théisyé wish students to be ‘at-
home’ in this mental universe we must ensure thmyecto experience it, and the
associatednental operationsas“real”.

As with “literacy”, any sensible interpretation thfe terms “numeracy”, “quantitative
literacy”, and “mathematical literacy” must seerthas desirabl®y-productsof this
process. To be sure, they are by-products which t@mbe planned and worked for:
they are not “automatic”. But the English experiedeenonstrates that it is a mistake
to imagine that more will be achieved if traditibsahool mathematics is replaced by
some more palatable “real-world” alternative.

Regular Lecture

Imagination, literacy and the three Rs

Once we accept the “mental” nature of the “math@ahuniverse”, this has a truly
liberating consequence (as long as one remain¥uhio the elusive, but undeniably
“objective”, character of the discipline) - nametiat elementary mathematics
becomes accessible to anyone with a mind.

And once students’ imagination is released, evargthecomes possible.

The Ey’s confined, the Body’s pent

In narrow Room; Lims are of small Extent,

But thoughts are always free.

And as they're best

So can they even in the brest

Rove ore the World with Libertie;

Can enter Ages, Present be

In any Kingdam, into Bosoms see.

Thoughts, Thoughts can come to Things and view
What Bodies can’t approach unto.

They know no Bar, Denial, Limit, Wall:

But have a Libertie to look on all. (TraherneThoughts, )

Our concern here is to identify those key ingretieof this “mental universe of
mathematics” (i) which are relevant on the simplegel of numeracyand (ii) which
might represent a modest outline of the kind ofufess which one could include in a
more appropriate interpretation ofiathematical literacyas a desirable adult by-
product of school mathematics.

Our tentative ingredients are deliberately simpd#nd avoid epistemological
considerations. However, for even such appareluly level objectives to be
achievable, what is taught and learned must respleat Semadeni (Semadeni 2004)
has called “the triple nature of mathematics”. Tiathe underlying philosophy needs
to go beyond the surface features of familiar notaand techniques, and to reflect the
way mathematics sifts odeep ideagwhich are quite different from the “Big Ideas”
beloved of many educationists), and transforms timm systems within which we
canthinkandcalculate
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What constitutes numeracy?
As suggested earlier, we do not try to define “ntaog’, but simply take it to mean:
a willingness to engage effectively with quanttatinformation in simple settings

We list four components which would seem to be sea®y in any program to achieve
such a “willingness to engage effectively with gtiiative information in simple
settings”. While these include competence in hagdlcertain basic techniques,
“numeracy” cannot be reduced to a detailed syllathuss the list included in the third
of our four components is deliberately short, angl dther three components are in
many ways more important.

Regular Lecture

1. The (not so traditional) three REhe first component of our attempt to pin down
what might be meant by “basic numeracy” is thelagttely provocative Trinity of
Obligations:

(i) toremembefi.e. to learn - if necessary by “rote”)

(ii) to “reckon” (i.e. to calculate accurately)

(iii) to reason (i.e. to think mathematically).

2. Mathematics as the science of exact calculafidgve second component - which is
essentialif the other three components are to be effectiiethe suggestion that all
students should absorb and appreciate the spittiteoftatement that, in contrast to the
messy “real world”mathematical calculationévhether numerical, symbolic, logical
or geometrical) are “special”, in that they concédeal” rather than real objects, and
S0 areexact.

3. TechniquesThe third component is that students should beeeegd to achieve
mastery of a limited core of basic techniques (sdange subset of: multiplication
tables, place value and decimals, measures, fracémd ratio, negative numbers,
triangles and circles, Pythagoras’ theorem, basigoriometry and similarity,
coordinates, linear and quadratic equations, hovhaodle formulae, straight line
graphs and linear functions), which techniques titute the “background” material in
terms of which the other three components can teegreted.

4. Applications: Whatever list of content and techniques is adgpteese should be
used regularly and routinely to handle problems sitghtions which systematically
cultivate the notion that, despite its “ideal” cheter, one important aspect of
elementary mathematics (integer and decimal ariisgnasimple and compound
measures; fractions, ratio and simple proportiohg tsimplest geometrical
representations; etc.) is that itiiseful

The real test of these four components is whetlesr ¢an help us to devise strategies
which achieve more than we do at present for thienmtaof students. But though any
such strategy will be judged in terms of the outeenfor its target audience, it is
worth stressing that these components are morertteaaly “utilitarian”, and should
be seen as part of a profoundly humane educatiorrefind us that even the first
component is included in this spirit, it may be thosharing three quotations from the
writings of George Steiner.
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touch with its own past [and] safeguards the céiadividuality. What is committed
to memory and susceptible of recall constitutesthlast of the self. The pressures of
political exaction, the detergent tide of sociahfmsmity, cannot tear it from us.” '

Remembering:A cultivation of trained, shared remembrance se$eciety in natural ‘
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Reckoning!By virtue of mathematics, the stars move out otimjogy and into the
astronomer’s table. And as mathematics settlestire marrow of a science, the
concepts of that science, its habits of inventiod anderstanding, become steadily
less reducible to those of common language. Themati essential literacy is still
rooted in classic values, in a sense of discouhstoric and poetics. But this is
ignorance or sloth of imagination. ...All evidersteggests that the shapes of reality are
mathematical, that integral and differrential calsuare the alphabet of just
perception.”

Regular Lecture

Reasoning‘How to stick to principle or social aim while faxgj facts as they are is
the peculiar problem for human intelligence in enderatic culture. ... Anybody can
take sides when things are labeled “revolutionafigscist”, “progressive”, or
“democratic”. But what is it we are asked to bedieto consent to, to support ? What
value is there in opinions that flow from us liketsaliva in Pavlov’s dogs, at the

ringing of a bell?”

What is mathematical literacy?

In seeking to make a useful distinction betweentémms “numeracy”, “quantitative
literacy” and “mathematical literacy”, we have pospd at one extreme (following
Cockcroft) to interpret “numeracy” as meaning a ibasvillingness to engage
effectively with quantitative information in simpkeettings”. At the other extreme,
echoing the spirit of the familiar notions of “méty” and “higher literacy”, we

proposed an interpretation of “mathematical litggfdn more elusive terms as:

a subtle, long-term aspiration

involving important insights into the nature ofrelentary mathematics and its utility.

(While we shall not discuss “quantitative literady&re, it might then naturally be
interpreted either as a more ambitious “collegefsian of “numeracy”, or as a
numerically-oriented version of what we have lad@limathematical literacy”.)

Thus we suggest that the term “mathematical lit€raslyould be reserved for
something distinctively different from “numeracyiamely that it should refer to a
deeperadult residue of students’ experience of school mathesmatNaturally,
different adults will emerge from school with suhesidue in different measures, but
we restrict attention here to those residual irtsigind competencies which one could
reasonably expect - to varying degrees - from atsumitial percentage (say 30%-60%)
of each cohort.

Some aspects of this “residue” make sense onlyéncontext ofspecific learning
(with the depth of this learning varying from onduli to another). Nevertheless,

insofar as it makes sense to embrace “mathemditieadcy” as a desirable goal for
large numbers of adults, it should include the etqt@n that they:

« know at first hand the most important parts of elatary mathematics
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« have achieved complete fluency, automaticity artisb mastery of the basic
processes of school mathematics.

However, they should not only have mastered, reneeedh and be able to use some
core of mathematical techniques; they should atsee hreflected (the fourth “R™) to
some extent on the distinctive character of mathiemdt is therefore important that
they

* have had an in depth experience of at least onk™drea in mathematics, and
« have extensive experience of grappling with, ardisg, simple multi-step
problems.

Regular Lecture

In parallel with this experience of specific corttand activity we also need to include
those residual “impressions”, or general principlegich one would like large

numbers of adults to absorb (often unconsciousiyinftheir experience of school
mathematics, including:

* aclear distinction between serious mathematicaaere tests

* arecognition of, and respect for, the logical eleter of all mathematics

* aninsight into why elementary mathematics is itably “abstract” (in some
sense)

» a sense of mathematics as “the sciencexaftcalculation”, and how the basic
methods ofexactcalculation can be modified approximatesffectively

e an insistence on “meaning”, and hence a recognitibrthe importance of
simplification

e arecognition that real mathematics begins withtinstiép problems

* a recognition of the importance a@bnnectionsbetween apparently different
topics, and that much of the power of mathematiems arises when a simple
method from one domain is used in a very diffecamitext.

Conclusion

While society has changed dramatically in the owuo$ 5000 or so years of
civilization, it would appear that the human miraktevolved rather slowly. The art of
introducing young minds to the delights and frustres of elementary mathematics
has also changed far less than we are often ledlieve. In the modern era of mass
education, a nagging awareness that “success” themmatics remains elusive for
most pupils therefore compels us to re-consideratbsumptions on which current
approaches to the teaching of elementary mathesnatee based, and to ask whether
there might not be some simple alternatives whichuld/ allow a larger number of
students to taste a little more ‘success’.

At the same time, one has to remember that the filedy reason why success
remains elusive is that mathematics and mathemtgashing are simplpard - in

which case the probability that there is some smphore effective alternative is
likely to be rather small. Unfortunately, in any ndain where success proves
consistently elusive, magic ‘solutions’ and Snakkgalesmen emerge from time to
time, and may even be believed (for a while). lis,tlmathematics education is no
exception: the last 40 years have witnessed a ssioteof proposed paradigm shifts
which, we were assured, would lead to marked imgmeents, though in almost all
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cases, despite interesting exploratory work atltdwal’ level (for particular groups of
pupils and teachers), the eventual outcome hasgrdisappointing.

m

The most recent “alternatives” to traditional schowthematics are reflected in the !
widespread current use of the termsneracy quantitative literacyandmathematical
literacy. These expressions now pervade much of the cumatiiematics education
debate - especially in western-style democraciégravpoliticians, administrators and
certain educationists exploit them in their differevays to deconstruct the ‘elitist’
(i.e. hard, and hence politically inconvenient) relzéer of traditional elementary
mathematics. Some countries have already changeddibrricula by replacing the
traditional label “Mathematics” by “Mathematical &racy”. Given these pressures, it
is important for those in the wider mathematicalmownity - including
mathematicians and those who work in mathematiosaibn - to examine critically
the claims underlying this global trend to avoie ttisappointment of yet another
“false dawn”.
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Regular Lecture

This paper has sought to sound a warning abouthigge” surrounding the current

use of the terms “numeracy”, “quantitative literaeynd “mathematical literacy”, and

to attempt an initial analysis which might helpactommodate the important notions
of “numeracy” and of “mathematical literacy” withithe broader goals of serious
mathematics education.
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